Section 13.3: The fundamental theorem for line integrals (concluded)
We’ll focus on R2 today (treating R3 in a later section).

How do we test whether a vector field F = (P,Q( field on R2 is conservative (i.e. is of the form (fx,fy( for some f)?

..?..

..?..

First check to see if (P/(y = (Q/(x.

If NO: The field is definitely not conservative (by Theorem 5).

If YES: The field is conservative, if the domain of F is …

..?..

..?..

simply-connected (by Theorem 6).  If the domain of F is not simply-connected, no conclusion can be drawn without further information.

Example: Consider F = Pi + Qj with P(x,y) = x2y and Q(x,y) = xy2 for all (x,y) in R2. Since (P/(y = x2 and (Q/(x = y2, F is not conservative.

Example: Consider F = Pi + Qj with P(x,y) = yexy and Q(x,y) = xexy for all (x,y) in R2.  We can check that (P/(y = exy + xyexy = (Q/(x, and R2 is simply-connected, so by Theorem 6, F is conservative.  (And indeed F can be written as (f with f(x,y) = exy.)
Example: Consider F = Pi + Qj with P(x,y) = –y/(x2+y2) and Q(x,y) = x/(x2+y2) for all (x,y) ( (0,0) in R2.  We can check that (P/(y = (y2–x2)/(x2+y2)2 = (Q/(x, but since the domain of F is not simply-connected, we cannot draw any conclusions.  Indeed, we’ll see later that this F is not conservative.

Visually checking whether a field might be conservative: examples on the bottom of page 777.

Once we’ve checked that a vector field in R2 is conservative, how do we construct f such that (f = F?

..?..

..?..

Partial integration (work through Example 4 on page 778).

Once we’ve found such an f, it’s easy to compute (C (f ( dr for any curve C; by the fundamental theorem of line integrals, it’s just f(B) – f(A), where A is the initial point of C and B is the terminal point of C.

If F is conservative, “how many” functions f are there such that F = (f?

..?..

..?..

We know that if (f = F, then (g = F as well, if g(x,y) is of the form f (x,y) + c for some c; are there other functions g with (g = F?

..?..

..?..

If f and g are two such functions, then ((f – g) = (f – (g = F – F = 0.  That is, (h = 0, where h = f – g.

What kind of function h(x,y) has gradient 0 everywhere?

..?..

..?..

(h = hx i + hy j, so (h = 0 implies hx(x,y) = hy(x,y) = 0 for all x,y.

hx(x,y) = 0 means h is constant along all horizontal lines, and hy(x,y) = 0 means h is constant along all vertical lines.

So h is constant in the whole plane.

[Draw picture of (0,0), (x,0), and (x,y).]

Why F = Pi + Qj with P(x,y) = –y/(x2+y2) and Q(x,y) = x/(x2+y2) isn’t conservative on its domain R2 \ {(0,0)}:

Let C be the unit circle, traversed once in the counterclockwise direction from (1,0) to (1,0).

Put r(t) = (x(t),y(t)( = (cos t, sin t( with 0 ( t ( 2(, so that F(r(t)) = (–sin t, cos t( and r((t) = (–sin t, cos t(.  Then

(C F ( dr = (02( F(r(t)) ( r((t) dt = (02( 1 dt = 2( ( 0

On the other hand, Theorem 2 says that the line integral of a conservative vector field around a closed loop equals 0.

So the field F can’t be conservative.

