[Collect notes on section 13.4.]

Section 13.4: Green’s Theorem

(another “fundamental theorem of calculus”)

Main ideas?

..?..

..?..

· Green’s Theorem: For a connected region D
((D P dx + Q dy = ((D ((Q/(x – (P/(y) dA
(as long as P and Q have continuous partial 

derivatives on an open region that contains D)
· Meaning of boundary, positive orientation, and (D
· Analogy with the fundamental theorem of calculus and the fundamental theorem of line integrals

· Extension to domains with holes

· We can use it to change line-integrals into double integrals and vice versa

· Computing areas of regions via line integrals
If we know that (Q/(x = (P/(y on the interior of D, what can we conclude about ((D P dx + Q dy, using Green’s Theorem?

..?..

..?..

We can conclude ((D P dx + Q dy = ((D ((Q/(x – (P/(y) dA = ((D (0) dA = 0.

If we know that P(x,y) ( 0 and Q(x,y) ( 0 on the boundary of D, what can we conclude about ((D ((Q/(x – (P/(y) dA, using Green’s Theorem?

..?..

..?..

We can conclude (D ((Q/(x – (P/(y) dA = ((D P dx + Q dy = ((D 0 dx + 0 dy = 0.

If we know that P(x,y) ( 2 and Q(x,y) ( 3 on the boundary of D, what can we conclude about ((D ((Q/(x – (P/(y) dA, using Green’s Theorem?

..?..

..?..

It equals (C 2 dx + 3 dy, which equals …

..?..

..?..

Zero (because the boundary of D is a closed curve or a union of closed curves).

(Recall from before that (C dx is the change in the x-coordinate along C, which is 0 if C is a closed curve.  Likewise for (C dy.)

If D is a region, what is the geometric meaning of ((D x dy?

..?..

..?..

Putting P(x,y) = 0 and Q(x,y) = x, we have ((D P dx + Q dy = ((D ((Q/(x – (P/(y) dA = ((D 1 dA = the area of D.

[Give a picture for the case where D is a rectangle; verify geometrically that ((D x dy is the area of D.]
If C is a negatively oriented piecewise smooth simple closed curve in the plane, and D is the region bounded by C, and P and Q have continuous partial derivatives on an open region that contains D, then how can one express the line integral (C P dx + Q dy as a double integral over D?
..?..

..?..

(C P dx + Q dy  = ((D ((P/(y – (Q/(x) dA.

[Discuss Green’s Theorem on general regions with any number of holes: show figures on page 786.]

Recall that we saw earlier that for F = (xj – yi) / (x2 + y2), and C = the unit circle traversed once in the counterclockwise direction from (1,0) to (1,0),

(C F ( dr = (02( F(r(t)) ( r((t) dt = (02( 1 dt = 2( ( 0

(which enabled us to conclude that F is not conservative).

More generally, this particular vector field F has the property that if a curve C from point A to point B avoids the origin, then (C F ( dr equals the cumulative change in angle as one goes from A to B along C.  E.g., if C is a closed curve that wraps around the origin three times in the clockwise direction, then (C F ( dr = (–3)(2() = –6(.

[Show Figures 5 and 6 on page 785.]

Why is Green’s Theorem true?

If we can prove Green’s Theorem is true on lots of small (mostly rectangular) patches, we can stick them together to form one big region, and Green’s Theorem will remain true on the big region.

On sufficiently small patches, (P/(y and (Q/(x are approximately constant, and P and Q are approximately linear (of the form a+bx+cy).
So let’s see why Green’s Theorem holds on rectangular domains D when P = 0 and Q = a+bx+cy (the case of P = a+bx+cy and Q = 0 is similar).

We write

((D P dx + Q dy = ((D ((Q/(x – (P/(y) dA
as


((D a+bx+cy dy = ((D b dA.

It’s enough to prove the three special cases
(1)
((D 1            dy = 0
(2)
((D      x       dy = ((D 1 dA
(3)
((D            y dy = 0
because then we have


((D a+bx+cy dy = ((D a dy + ((D bx dy + ((D cy dy





 = a ((D 1 dy + b ((D x dy + c ((D y dy





 = b ((D 1 dA  (by (1), (2), and (3))




 = ((D b dA. 

In each case, (D consists of two horizontal segments (which don’t contribute to ((D 1 dy  or ((D x dy  or ((D y dy  because y isn’t changing there) and two vertical segments.

Say the rectangle goes from x = A (at the left) to x = A( (at the right) and from y = B (at the bottom) to y = B( (at the top) [draw a sketch].

((D f(x,y) dy = (BB( f(A(,y) dy + (B(B f(A,y) dy


   = (BB( f(A(,y) dy – (BB(f(A,y) dy


   = (BB( [f(A(,y) –f(A,y)] dy.

When f(x,y) is 1 or y, the bracketed expression vanishes, so the integral is 0, which proves (1) and (3).

When f(x,y) is x, the integral is 

(BB( [A( – A] dy = (A( – A) (B( – B) = area of D = ((D 1 dA
which proves (2).
