[Collect summary of section 13.6; hand out time sheets.]
The final exam will take place on December 9 and December 11.

Section 13.5: Curl and divergence (concluded)
Example: Let F(x,y) = xi + yj.  
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Then div F = ((F = ((/(x)x + ((/(y)y = 2.

Example: Let F(x,y,z) = –yi + xj.  
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Then curl F = ((F = (((/(x)i + ((/(y)j + ((/(z)k) ( (–yi + xj + 0k) = 2k.
Here is a physical interpretation of the vector form of Green’s Theorem.  

Picture a box filled with gas in a two-dimensional universe.  Consider a region R in the plane with boundary C = (R.

At any point (x,y), if F(x,y) represents the velocity vector of the gas, then div F(x,y) measures the net movement from (x,y).  By summing up (i.e., integrating) div F(x,y) over the region R, we get the net decrease in the amount of gas contained in R, as the right hand side of the equation.

But another way to measure the net change is to stand at a point on C, and measure how much gas leaves R there, and then integrate over all points on C.

Here you need the normal component F ( n of F to C, where n is a unit normal to C in the outward direction.

This is the left hand side of the equation.

That is, both sides of the equation represent how quickly the amount of gas in the box is decreasing.

[Show students picture on top of page 819 of Instructor’s Guide.]

[Omitted in 2013: Exercise 13.5.10.]

[Omitted in 2013: Assign Group Work 3 from page 824 of the Instructor’s Guide.]

Section 13.6: Parametric surfaces and their areas

Key ideas?

..?..

..?..

· Parametric surfaces and grid-lines

· How the form and/or symmetry of a surface helps one in choosing a parametrization

· Differentiability and tangent planes to parametric surfaces: the vector ru ( rv = ru(x,y,z) ( rv(x,y,z) is a normal vector to the tangent plane at (x,y,z) (here r(u,v) = (x,y,z( = (x(u,v),y(u,v),z(u,v)(, 

ru(x,y,z) = (∂x/∂u,∂y/∂u,∂z/∂u(, and

rv(x,y,z) = (∂x/∂v,∂y/∂v,∂z/∂v(.

· Surface area: If S = {r(u,v): (u,v) in D}, then 

A(S) = ((D |ru ( rv| dA

(here r(u,v) = (x(u,v),y(u,v),z(u,v)(
Why parametrize a surface?

..?..

..?..

It lets us plot surfaces more easily and compute associated quantities such as surface area.

Individual drill: Parametrize a cylinder (i.e. cylindrical surface) of radius 2 with axis the z-axis.

..?..

..?..

One possibility: r(u,v) = (2 cos (, 2 sin (, z(.

Although one can use any variables to parametrize a surface, we’ll frequently use u and v.

Sometimes we parametrize a surface by parametrizing separate parts of it and pasting them together.

Example: Let’s parametrize the y ( 0 half of the ellipsoid  x2/4 + y2 + z2/4 = 1.  [Show it in Grapher.]

x2 + z2 = 4(1–y2),  so if we let u = 2 sqrt(1–y2), then x2 + z2 = u2.

So we let x = u cos v, z = u sin v, and we have the parametrization r(u,v) = (u cos v, sqrt(1–u2/4), u sin v( for (u,v) in …

..?..

..?..

[0,2] ( [0,2(] = {(u,v): 0 ( u ( 2, 0 ( v ( 2(}.

What if we used [0,1] ( [0,2(]?

..?..

..?..

We’d only be parametrizing half of the ellipsoid.

What if we used [0,2] ( [0,4(]?

..?..

..?..

We’d be parametrizing the ellipsoid twice: every point would get covered twice.

Note that for our parametrization, points (x,y,z) on the ellipsoid with x > 0 and z = 0 get covered twice in our parametrization: once with v = 0 and once with v = 2(.

And the pole (0,1,0) gets covered infinitely often: if u = 0, then (u cos v, sqrt(1–u2/4), u sin v( = (0,1,0( for all v in [0,2(].  But since these points have zero total area on the surface, we can ignore them for most purposes.

Consider the surface r(u,v) = (u,v,uv(.  [Plot with Grapher.]

What are its traces in the three coordinate directions?

..?..

..?..

In the plane x=c, the trace is …

..?..

..?..

the curve {(v,cv): v in R}, which is a line.

In the plane y=c, the trace is …

..?..

..?..

the curve {(u,cu): u in R}, which is a line.

In the plane z=c, the trace is …

..?..

..?..

the curve {(u,c/u): u ( 0}, which is a hyperbola.

So the surface is made up of straight lines, but it’s also made of hyperbolas!

Another example of this kind is the hyperboloid of one sheet.  See

http://www.mathsinthecity.com/sites/revolving-hyperbola-sydney-tower
and

http://www.youtube.com/watch?v=OJGkdO9gcdY
Problem: Give a parametrization for the upper half-cone {(x,y,z): x2 + y2 = z2, z ( 0} in which the gridlines meet at right angles at the vertex of the cone.

..?..

..?..

One answer: A(s,t) = (s2 cos t, s2 sin t, s2(
Stewart computes the surface area of a sphere of radius a using a spherical coordinate parametrization, with variables ( and ( (with ( constrained to be 1).  Let’s do it with polar coordinates r and ( instead.

Specifically, we’ll compute the surface area of the top half of the sphere of radius a, parametrized by 

r = (x, y, z( = (r cos (, r sin (, sqrt(a2–r2)( [put this on the board] where the parameter domain is …

..?..

..?..

D = [0,a] ( [0,2(] = {(r, (): 0 ( r ( a, 0 ( ( ( 2(}.

rr ( r(  = …

..?..

..?..

|    i

  j         k   |
|       i              j                   k         |

| (x/(r   (y/(r   (z/(r |  =
|    cos (
    sin (
–r/sqrt(a2–r2) |

| (x/((  (y/((   (z/(( |
| –r sin (
  r cos (               0        |

so 

|rr ( r(|2 = ((r2 cos () / sqrt(a2–r2))2 + 



 ((r2 sin () / sqrt(a2–r2))2 +



 (r cos2 ( + r sin2 ()2

      = (r4 cos2 () / (a2–r2) + (r4 sin2 () / (a2–r2) + r2

      = r4 / (a2–r2) + (a2r2 – r4) / (a2–r2)


      = (a2r2) / (a2–r2), so

|rr ( r(|   = ar / sqrt(a2–r2).

A(S) = ((D |rr ( r(| dA

= … what?

..?..

..?..

(02( (0a (ar / sqrt(a2–r2)) r dr d(?   (take a vote)

No!  In our formula for surface area, dA refers to area in the u,v plane (which here is the r,(  plane), NOT the x,y plane!

So the area element is just dr d(.  The r factor from the polar coordinates change-of-variables formula is already present in |rr ( r(|.

A(S) = (02( (0a (ar / sqrt(a2–r2)) dr d(
        = ((02( d() ((0a (ar / sqrt(a2–r2)) dr)

        = (2() (– a sqrt(a2 – r2) |0a) 

        = (2() (a2)

which agrees with the fact that the surface area of the sphere of radius a is 4( a2.



























