Section 13.7: Surface integrals

Main ideas?

..?..

..?..

· Surface integral of scalar field f:

((S f(x,y,z) dS = ((D f(r(u,v)) |ru ( rv| dA
· Oriented surfaces

· Definition of positive orientation of a closed surface

· The unit outward normal vector n
· Non-orientable surfaces

· Surface integral of vector field F:

((S F ( dS = ((S F ( n dS = ((D F ( (ru ( rv) dA
· Physical interpretation of surface integral of a vector field (flux)

· Gauss’s Law: the total charge enclosed by S equals

Q = (0 ((S E ( dS
· Heat flow:

F = –K (u, so ((S F ( dS = –K ((S (u ( dS
In Example 1, Stewart computes the surface integral of x2 over the sphere x2+y2+z2=1 and gets the answer 4(/3; does anyone see another way to get this?

..?..

..?..

Using symmetry?

..?..

..?..

Since by symmetry ((S x2 dS = ((S y2 dS = ((S z2 dS, it follows that ((S x2 dS = (1/3) ((S (x2+y2+z2) dS = (1/3) ((S 1 dS = 

(1/3) Area(S) = (1/3) (4().

(Compare this with a famous single-variable calculus trick: 

(02( sin2 ( d( = (02( cos2 ( d( [draw a picture to see this], so both integrals equal (1/2) ((02( sin2 ( d( + (02( cos2 ( d()

= (1/2) ((02( sin2 ( + cos2 ( d() = (1/2) ((02( 1 d() = (1/2)(2() = (.)
Let’s use symmetry to help us compute ((S F ( dS where S is the piece of the paraboloid z = x2 + y2 above the unit disk oriented downward and F = y2 i – z j + k.

What formula should we use for this?

..?..

..?..

Formula (10) for the surface integral of a vector field over a surface that is given to us as the graph of a function: If S = {(x, y, g(x,y)): (x,y) in D} (oriented in the upward direction) and F = P i + Q j + R k, then 

(10)

((S F ( dS = ((D (– P ((g/(x) – Q ((g/(y) + R) dA .

In our case we have g = x2 + y2, P = y2, Q = – z = – x2 – y2, R = 1, and D = {(x,y): x2 + y2 ( 1}, so (g/(x = 2x, (g/(y = 2y, and 

   ((D (– P ((g/(x) – Q ((g/(y) + R) dA 

= ((D (– (y2) (2x) – (– x2 – y2) (2y) + 1) dA
= ((D (– 2xy2 + 2x2y + 2y3 + 1) dA = …

..?..

..?..

Can we argue that any of the four terms integrate to zero?

..?..

..?..

By symmetry in x, the first term integrates to zero;

By symmetry in y, the second and third terms integrate to zero.

All that’s left is ((D 1 dA, which equals ..

..?..

..?..

Area(D) = (.

But: The original specified orientation for the surface was downward, while the formula (10) applies when the orientation is upward, so the value of the surface integral we’re interested in is the negative of this, or –(.
Sign-check: If we take the dot product of F = y2 i – z j + k with the (un-normalized) downward surface-element vector v = 2x i + 2y j – k, we get (y2)(2x) – (x2+y2)(2y) + (1)( –1).  When we normalize, we divide by |v| = sqrt(4x2+4y2+1), but (y2)(2x)/|v| is still an odd function with respect to x and (x2+y2)(2y)/|v| is still an odd function with respect to y, so these terms make no contribution to the integral, and all we’re left with is (1)(–1)/ |v| = –1/sqrt(4x2+4y2+1), whose integral over the surface is negative.
Much as many line-integrals become easier to compute once one knows the fundamental theorem of line integrals, many surface integrals of vector fields become easier to compute once one knows the Divergence Theorem (coming to you next week).

Discuss the formula

((S F ( dS = ((S F ( n dS = ((D F ( (ru ( rv) dA
and give an intuitive picture of dS as n dS.
Discuss Group Work 2:

1. ((G/(x, (G/(y, (G/(z( = (2x,2y,2z(
2. Outward

3. n = (1/R) (x,y,z( (check: |n|2 = (1/R2) (x2+y2+z2) = 1)

4. Everywhere but (0,0,0)

5. On the surface x2+y2+z2 = R2, we have F = (xi+yj+zk)/R3 =  (1/R3) (x,y,z( so F ( n = (1/R4) (x2+y2+z2) = 1/R2 and 

((S F ( n dS = ((S 1/R2 dS = (1/R2) Area(S) = (1/R2) (4(R2) = 4(.

Check this with spherical coordinates: Imitating Example 4, we use r((,() = R sin ( cos ( i + R sin ( sin ( j + R cos ( k with 0 ( ( ( ( and 0 ( ( ( 2( ; note that the extra factor of R will multiply r( and r( each by R, so that

r( ( r( = R2 (sin2 ( cos ( i + sin2 ( sin ( j + sin ( cos ( k)
while 

F(r((,()) = (1/(R2)3/2) ((R sin ( cos () i + (R sin ( sin () j 

                + (R cos () k)


= (1/R2) ((sin ( cos () i + (sin ( sin () j + (cos () k) 
so F ( (r( ( r() = sin3 ( cos2 ( + sin3 ( sin2 ( + sin ( cos2 ( = sin3 ( + sin ( cos2 ( = sin (, and ((S F ( dS = ((D F ( (r( ( r() dA = (02( (0( sin ( d( d( = ((02( d() ((0( sin ( d() = (2() (2) = 4(.

