[Collect section notes on 13.9; hand out practice exam solutions]

Remember to do the True-False quiz for chapter 13 for tomorrow!

Section 13.9: The Divergence Theorem

Main ideas:

..?..

..?..

· The Divergence Theorem:

(((E div F dV = ((S F ( dS

where E is a simple solid region in R3 and S is the 

boundary of E with outward positive orientation: some 

write S as (E
· Analogy between Divergence Theorem and 2nd version of Green’s Theorem

· Uses of the Divergence Theorem:

· Trade a surface integral for a triple integral (Examples 1 and 2)

· Trade a triple integral for a surface integral (see below)

Compute ((S F ( dS where F = xz i + yx j + xyz k where S is the surface of a unit cube [0,1] ( [0,1] ( [0,1].

(If we did this directly, how many terms would be involved? …

..?...

..?..

6 ( 3 = 18 terms, since the cube has 6 faces, and the integrand has 3 terms.)

div F = …

..?..

..?..

z + x + xy, so

((S F ( dS = (((E div F dV = (((E z + x + xy dV = …

..?..

..?..

Integrate each term by separation of variables:

[skip or skim this derivation in 2013]

(((E z dV = ((01 dx) ((01 dy) ((01 z dz) = (1)(1)(1/2) = 1/2.
(((E x dV = …

..?..

1/2, for the same reason (or: by symmetry).

(((E xy dV = ((01 x dx) ((01 y dy) ((01 dz) = (1/2)(1/2)(1) = 1/4.

So (((E z + x + xy dV = 1/2 + 1/2 + 1/4 = 5/4.

Question: Can we ever use Stokes and Divergence in tandem?
That is, can we use the Divergence Theorem to reduce a triple integral to a surface integral, and then use Stokes’ Theorem to reduce the resulting surface integral to a line integral?

Write the Divergence Theorem as

(((E div F dV = (((E F ( dS 

and Stokes’ Theorem as

((S curl E ( dS = ((S E ( dr 

(here we use E instead of F, since it might be a different vector field).

In order to use the two equations in tandem, we’d need (E = S and F = curl E.  But then we have div F = div(curl E) = 0 (since the divergence of the curl of a vector field is always 0), so (((E div F dV = (((E 0 dV = 0.  Also, we have (S = ((E, which is always the empty set (if this is unclear, consider the case where E is the ball of radius 1 or a 1-by-1-by-1 cube), so ((S E ( dr = (((E E ( dr = 0.  

So the only case in which we can use the Divergence Theorem and Stokes’ Theorem together to relate a triple integral to a line integral is the trivial case in which the triple integral has 0 as the integrand, and the line integral has the “empty curve” as the path of integration!

Let’s use the Divergence Theorem to compute the volume of a ball of radius R in terms of the surface area of the ball:

Let E be the ball of radius R centered at (0,0,0) so that Volume(E) = (((E 1 dV.

How can we proceed? …
..?..

..?..

We want to write 1 as the divergence of a vector field F.  Any candidates? …

..?..

..?..

We could use F(x,y,z) = xi, or yj, or zk.

E.g., with zk, we get (((E 1 dV = ((S zk ( dS, but then things get a little messy.  Ditto for the other two choices.

[Draw picture.]

Any other ideas? …

..?..

..?..

We could use F(x,y,z) = (xi + yj + zk)/3.  (The underlying philosophy here is that when you have too much freedom, sometimes it’s best to make as symmetrical a choice as possible.)

[Draw picture.]

Then F points in the same direction as dS!

Since they’re parallel, F ( dS is just |F| dS.

So (((E 1 dV = ((S F ( dS = ((S |F| dS = …

..?..

..?..

On the sphere of radius R, |F| = (1/3) |xi+yj+zk| = R/3.

So ((S |F| dS = (R/3) ((S dS = (R/3) Area(S) = (R/3) (4(R2) = (4/3)(R3.
If F is incompressible, what can we deduce about (((E F ( dS ? …

..?..

..?..

(((E F ( dS = (((E div F dV = (((E 0 dV = 0.

Recall that Stokes’ Theorem (which you could also call the “Curl Theorem”) gave us a way to interpret the curl of a vector field:

((curl v)(P)) ( n = limr(0 ((C(r) v ( dr) / Area(D(r))
where D(r) is a disk with center P, radius r, and unit normal vector n, and C(r) = (D(r).
In much the same way, the Divergence Theorem gives us a way to interpret the divergence of a vector field:



(div v)(P) = limr(0 (((S(r) v ( dS) / Vol(B(r))
where B(r) is a ball with center P and radius r, and S(r) = (B(r).

In other words, divergence can be interpreted as flux per unit volume, just as the components of the curl vector can be interpreted as circulation per unit area.

We’ve seen a theorem that says that v can be written as (f if and only if curl v = 0, provided that the domain is simply-connected.

There’s a corresponding theorem that says that v can be written as curl A if and only if div v = 0, provided that the domain is simply-connected.

A consequence of this is that every vector field v with continuous partial derivatives on R3 can be written in the form 

v = (f + ((A 

(the gradient of a scalar potential plus the curl of a vector potential).

((A is the “incompressible part” of v since

div(((A) = (((((A) = 0
while (f  is the “irrotational part” of v since 

curl((f ) = (((f = 0.

So div(v) = div((f ) and curl(v) = curl(((A); that is, v gets its divergence from its scalar potential and its curl from its vector potential.
