James Propp
Office: OH 428C
Phone: 978-934-2438
Email: jpropp -at- cs -dot- uml -dot- eedeeyou
Course page: http://faculty.uml.edu/jpropp/305/

If you haven’t already emailed me your availability, please do it later today, so I can choose my office hours over the weekend!

[Go around, get names]

 [If there are new students:
Name
Ask the students about their academic and non-academic interests
Ask people why they signed up for the course
Ask them about their math backgrounds
Ask about their best and worst math experiences
Name again.]

[Get new students’ email addresses!]

Does anyone need an extension on the homework?

Any questions about LaTeX?

What are the main ideas of section 1.1?

Any questions about section 1.1?

My plan for today:

(1) Show you a different proof that sqrt(2) is irrational which has the virtue that, if you turn it around, gives you a procedure for generating rational numbers that get closer and closer to sqrt(2).

(2) Discuss the holes in the rationals, and state an axiom capturing the idea that “there are no holes in the real numbers”.

(3) Use this axiom, in combination with the procedure from (1), to prove that there is a real number whose square is 2.  (Abbott does this a different way in section 1.4.)

Claim: There do not exist positive integers m,n with m/n = sqrt(2) or equivalently with m = n sqrt(2).

Proof: Suppose such pairs m,n do exist.  Let n be the smallest positive integer such that n sqrt(2) is a positive integer.  Let m be the integer n sqrt(2).  Then I claim that
n = m – n
is a smaller positive integer such that n sqrt(2) is a positive integer, contradicting our choice of n.

Check that n is positive: n = m – n = (sqrt(2) – 1) n > 0 since sqrt(2) > 1.

Check that n is less than n: n = m – n = (sqrt(2) – 1) n < n since sqrt(2) < 2.

Check that n sqrt(2) is a positive integer: It’s clearly positive, and it can be written as
(m – n) sqrt(2) = m sqrt(2) – n sqrt (2)
	= (n sqrt(2)) sqrt(2) – m
	= 2n – m.

So the idea of the proof is that if sqrt(2) were equal to some fraction, like 17/12, then it would have to be equal to the simpler fraction (212 – 17)/(17 – 12) = 7/5, which in turn would be equal to the simpler fraction (25 – 7)/(7 – 5) = 3/2, and so on, contradicting the fact that every rational number can be expressed in lowest terms. 

It’s worth noticing that the operation that replaces m/n by (2n – m)/(m – n) can be turned around.  Specifically, we can replace m/n by f (m/n) = (2n + m)/(m + n):
	3/2  7/5
7/5  17/12
17/12  41/29
If we keep applying this operation, we get better and better approximations to sqrt(2):
	3/2		= 1.5
	7/5		= 1.4
	17/12	= 1.4166666…
41/29	= 1.4137931…
99/70	= 1.4142857…
etc.  Our approximations alternate between being less than sqrt(2) and greater than sqrt(2).  (To learn more about this approach to approximating irrational numbers, take a number theory course and learn about continued fractions.)

But note that our proof of the irrationality of sqrt(2) is predicated on the idea that sqrt(2) exists, and that it lies between 1 and 2.  How do we really know that there is a real number 1 < r < 2 with r2 = 2?

We need an axiom about real numbers that isn’t taught in high school.

Notation: R = the set of real numbers, Q = the set of rational numbers (“Q” for “quotient”), Z = the set of integers (“Z” for “Zahlen” which is German for “number”), and N = {1,2,3,…} the set of positive integers aka natural numbers.  (Note: Some authors use N = {0,1,2,3,…} = the set of non-negative integers, and/or call this the set of “natural numbers”.)

Question: What are the ways of creating two non-empty sets of real numbers A, B such that every real number belongs to exactly one of the sets, and every element of A is less than every element of B?  We call such a pair of sets a cut of the set R.
…
Other possibilities?
…
We could put A = (–,c] and B = (c, ) for some real number c, or we could put A = (–,c) and B = [c, ) for some real number c.
Other possibilities?
…
There aren’t any.

Cut Axiom: If A, B is a cut of R, there exists c such that
A  c  B (meaning that every element a of set A satisfies
a  c and every element b of set B satisfies c  b).

Theorem: There exists c in R with c2 = 2.

Proof: Let A = {x in R: x  0 or x2 < 2}, B = R \ A = everything in R that isn’t in A; that is, B = {x in R: x > 0 and x2 ≥ 2}.  (Unofficially we know that A = (–, sqrt(2)) and B = [sqrt(2), ), but we can’t claim this yet because we haven’t proved that sqrt(2) exists yet.)  
Our strategy will be to invoke the Cut Axiom to deduce that there exists c with A  c  B and then prove that c2 = 2.
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Docs anyone ned an extension on the homework?
Any questions about LaTeX?

What are the main ideas of section 1.17

Any questions about section 1.17




