James Propp

Office: OH 428C

Phone: 978-934-2438

Email: jpropp -at- cs -dot- uml -dot- eedeeyou

Course page: http://faculty.uml.edu/jpropp/305/

If you haven’t already emailed me your schedule, please do it today!

[Go around, get names]

 [If there are new students:

Ask the students about their academic and non-academic interests

Ask people why they signed up for the course

Ask them about their math backgrounds
Ask about their best and worst math experiences]
Is anyone still having LaTeX trouble?

If you need an additional extension on the zeroeth homework, or an extension on the first homework, please email me.

I’m giving an additional deferral of the due-date of assignment #1; it’s now due Friday, Sept. 18.

Questions about LaTeX?

For Friday, read sections 1.2 and 1.3.

Also read Definitions 8.4.4 and 8.4.5 on pages 245 – 246 of Abbott.
From propositions (f1) – (f5) and (o1) – (o5), also known as the ordered field axioms, you can derive all the usual theorems of algebra, including the theorems governing inequalities; for instance, the fact that 0x=x0=0 for all x isn’t included in Abbott’s list because it can be derived from the other properties (fun challenge: how?).

We will also assume that if x and y are integers, then so are x+y, x–y, and xy.

If you’re ever unsure about “What am I allowed to use in solving this homework problem”, just ask!

Questions about section 1.1?

Hand out time-sheets (and mention new due-date: 9/18)

I mentioned last time that the operation that sends x = m/n to f(x) = (2+x)/(x+1) = (2+m/n)/(m/n+1) = (2n + m)/(m + n) gives increasingly good approximations to sqrt(2) if we apply it over and over: 3/2 ( 7/5 ( 17/12 ( 41/29 ( …

We’ll use f(x) shortly.

Recall that a cut of R is a pair A, B of non-empty sets of real numbers such that every real number belongs to exactly one of the sets, and every element of A is less than every element of B.

Cut Axiom: If A, B is a cut of R, there exists c such that

A ( c ( B (i.e., a ( c for all a in A and c ( b for all b in B).
The Cut Axiom implies that every x < c is in A and every x > c is in B (why?), but it doesn’t say whether c is in A or B.

If we had a model for what the real numbers are (such as the usual model via infinite decimal expansions), then we could hope to prove the Cut Axiom.  For now, we need to take it as an unproven assertion.  At the end of the course, if time permits, we’ll construct the reals as infinite decimals and prove the Cut Axiom.

Theorem: There exists c > 0 in R with c2 = 2.

Proof: Let A = {x in R: x ( 0 or x2 < 2}, B = R \ A = everything in R that isn’t in A; that is, B = {x in R: x > 0 and x2 ≥ 2}.  (Unofficially we know that A = (–(, sqrt(2)) and B = [sqrt(2), (), but we can’t claim this yet because we haven’t proved that sqrt(2) exists yet.)  

Our strategy will be to invoke the Cut Axiom to deduce that there exists c with A ( c ( B and then prove that c2 = 2.

Check: Is A,B a cut of R?

Is A non-empty?  …

Yes; e.g., 0 and 1 are in A.

If B non-empty?   …

Yes; e.g., 2 is in B.

Is every real number in A or in B, but not both?  …

Yes, since B was defined as R \ A.

Is every element of A less than every element of B? …

Suppose not; suppose some a in A is greater than some b in B.

Since b is in B, we have b > 0 and b2 ≥ 2.

We want to show that a > 0 and a2 ≥ 2.

Since a > b, we have a – b > 0 and a2 – b2 = (a – b)(a + b) > 0, so a > 0 and a2 > b2 ≥ 2, so a is in B, which is a contradiction.

So A,B is a cut of R.
By the Cut Axiom there exists c with A ( c ( B.

Clearly c ≥ 1 since 1 is in A.

So c > 0.

To prove c2 = 2 it suffices to rule out c2 > 2 and c2 < 2.

Idea:

If c2 > 2, f(f(c)) is in B but is less than c: contradiction.

If c2 < 2, f(f(c)) is in A but is greater than c: contradiction.

[Draw pictures for the two cases.]

We have f(c) = (c+2)/(c+1) and

f(f(c))  = (f(c)+2)/(f(c)+1) 

           = ((c+2)/(c+1) + 2) / ((c+2)/(c+1) + 1)


   = ((c+2)+2(c+1)) / ((c+2)+ (c+1))

           = (3c+4) / (2c+3)

so


[f(f(c))]2 – 2 = (9c2+24c+16)/(4c2+12c+9)





– (8c2+24c+18)/(4c2+12c+9)




     = (c2 – 2)/(4c2+12c+9)

which is positive if c2 > 2 and negative if c2 < 2.


f(f(c)) – c = (3c+4) / (2c+3) – (2c2+3c) / (2c+3)




= 2(2–c2) / (2c+3)

which is negative if c2 > 2 and positive if c2 < 2.

And now we can finish:

If c2 > 2, f(f(c)) is in B (since [f(f(c))]2 – 2 > 0)

but is less than c (since f(f(c)) – c < 0):

contradiction!

If c2 < 2, f(f(c)) is in A (since [f(f(c))]2 – 2 < 0)
but is greater than c (since f(f(c)) – c > 0):

contradiction.

Done!

So we’ve shown that there exists c > 0 with c2 = 2.

Questions? …

