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Is anyone still having LaTeX trouble?

Questions about LaTeX?

Hand out time-sheets (and remind everyone of the new due-date: 9/18)

Recall that a cut of R is a pair A, B of non-empty sets of real numbers such that every real number belongs to exactly one of the sets, and every element of A is less than every element of B.

Remark concerning the notion of a cut: If we already know that A, B are non-empty sets of real numbers such that every real number belongs to exactly one of the sets, then verifying
(1) “every element of A is less than every element of B”
is equivalent to verifying
(2) “for all a in A, every real number < a is in A”
and also equivalent to verifying
(3) “for all b in B, every real number > b is in B”.
(To see this, note that each of these three propositions is false iff there exists a in A and b in B with b < a.)
I’ll call property (2) the property that “A is a left-set” and I’ll call property (3) the property that “B is a right-set”.

Cut Axiom: If A, B is a cut of R, there exists c such that
A  c  B (i.e., a  c for all a in A and c  b for all b in B).

Last time we used the Cut Axiom to prove that there exists c > 0 in R with c2 = 2.

Check out the class notes for a clearer exposition of the end of the proof.

Consider the Cut Axiom with R replaced by Q: Is every cut of Q of the form A = (–,c] and B = (c, ) or A = (–,c) and B = [c, ) for some c in Q?  (In this context (–,c] means the set of all rational numbers that are  c.) …

No!  E.g., take
A = {x in Q: x  0 or x2 < 2} and
B = {x in Q: x > 0 and x2 ≥ 2}.

So the Cut Axiom is satisfied by the real number system but not by the rational number system.

One way to construct R from Q is to define each irrational number as a cut of the rationals A,B where A has no greatest element and B has no least element.
This is Dedekind’s construction of the real numbers, and Abbott explains it in section 8.4, but we won’t go that route.

What are the main ideas of section 1.2?

Any questions about section 1.2?

The purpose of chapter 1 is to pack a bag for the journey, taking everything we’ll need in chapters 2 through 7: the rules of algebra (including the rules governing inequalities), the principle of induction, and the completeness of the reals.

I find the Principle of Induction (page 10) and the Least Upper Bound Principle (page 14) a little bit too complicated to serve as esthetically satisfying axioms.
I prefer to replace them by two simpler axioms, namely: the Cut Axiom and the axiom that 1 is the smallest positive integer.
That way we don’t have to pack as much in our travelling bag!

Plan for Monday and Wednesday:

(1) Prove the Principle of Induction using the ordered field axioms, the Cut Axiom, and the axiom that 1 is the smallest positive integer.  We’ll do this by way of some intermediate assertions, one of which is called the Least Element Principle and resembles (but should not be confused with) the Least Upper Bound principle.

(2) Prove the Least Upper Bound Principle using the ordered field axioms and the Cut Axiom.

Proof that 0x = 0 (challenge problem from last time):
Let y = –(0x) so that 0x+y = 0 (the existence of such a y follows from property (f4)).  Then
0x = 0x + 0		(by (f3))
     = 0x + (0x + y)	(by the definition of y)
     = (0x + 0x) + y	(by (f2))
     = (0 + 0)x + y	(by (f5))
     = 0x + y		(by (f3))
     = 0			(by the choice of y).
Don’t worry if this seems bizarre and unmotivated; 92.305 isn’t about this sort of algebraic trickery.  My purpose in showing you this is to demonstrate that even a small set of axioms (like Abbott’s) can suffice to prove lots of other properties.
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