James Propp

Office: OH 428C

Phone: 978-934-2438

Email: jpropp -at- cs -dot- uml -dot- eedeeyou

Course page: http://faculty.uml.edu/jpropp/305/

Tentative office hours:

Mondays 2–3

Wednesdays 1–2

Thursdays 2–3

Questions about LaTeX?

Plan for today and Wednesday:

(1) Prove the Principle of Induction using the ordered field axioms, the Cut Axiom, and the axiom that 1 is the smallest positive integer. 

(2) Prove the Least Upper Bound Principle using the ordered field axioms and the Cut Axiom.

If S is a set of numbers and x is a number, we say x is the maximum element of S (or the greatest element of S) iff x is in S and y ( x for every y in S.

Likewise, we say x is the minimum element of S (or the smallest element of S) iff x is in S and y ( x for every y in S.

The set {2, 3, 5, 7, …} (the set of primes) has a minimum element (namely 2) but no maximum element.

The set {1, 1/2, 1/3, 1/4, …} has a maximum element (namely 1) but no minimum element (note that 0 is not an element of this set).

We say that x is an upper bound for the set S iff y ( x for every y in S.

Hence: x is the maximum element of S iff x is an upper bound for S and x is in S.

We say that a set S is bounded above iff it has an upper bound.

[Have the class give examples of sets that are bounded above, and upper bounds on those sets, as well as sets that are not bounded above.]

Note that a set that is bounded above has many upper bounds; e.g., if x is an upper bound of S, then so is x+1, and so is every x( with x( > x.  (Check: If x ( y for every y in S, and x( > x, then x( ( y for every y in S.)

We say that x is a lower bound for the set S iff …

y ( x for every y in S.

We say that S is bounded below iff…

S has a lower bound.

Can you find a set of real numbers that is bounded below but has no minimum element? …

{1, 1/2, 1/3, 1/4, …}

Can you find a set of integers that is bounded below but has no minimum element? …

No, and we’ll prove it this week.

What’s more, we’ll derive the Principle of Induction from it. 

Lemma: If c is not an integer, there exists a real number

b > c such that no real number between c and b (inclusive) is an integer.  [Draw a picture.]

Proof: Let S = {n in Z: c ( n ( c+1}.

Case 1: If S is empty, take b = …

c+1.  (Actually, case 1 can’t happen, as we may prove later.)

Case 2: If S contains a single integer n, take b = …

(c+n)/2.

Case 3: If S contains two or more integers, we get a contradiction.  Specifically, if m and n are integers in S with m < n, then 0 < n – m < (c+1) – c = 1, so that n – m is a positive integer less than 1, which contradicts the axiom that 1 is the smallest positive integer. (
Likewise if c is not an integer, there exists a < c such that no real number between a and c (inclusive) is an integer.

Least Element Principle: If S is a non-empty set of integers that is bounded below, then it has a minimum element m.  (Important special case: Every non-empty set of positive integers has a minimum element.  When most people refer to the Least Element Principle, they mean this special case.)

Proof: Let

A = {x in R: x is a lower bound of S}

   = {x in R: x ( n for all n in S},

B = R \ A
   = {x in R: x is not a lower bound of S}
   = {x in R: x  > n for some n in S}.

(Unofficially we know that A = (–(, m] and B = (m, (), but we can’t claim this yet because we haven’t proved that m exists yet.)  

Check: Is A,B a cut of R?

Is A non-empty?  …

Yes; we are assuming that S has at least one lower bound.

If B non-empty?   …

Yes; since S is non-empty, it contains some element n, and then n+1 cannot be in A (since it is not a lower bound of S) so it must be in B.

Is every real number in A or in B, but not both?  …

Yes, since B was defined as R \ A.

Is A a left-set? …

Yes: If x is in A, then x ( n for all n in S, so if y ( x then 
y ( n for all n in S, so y is in A.
So A,B is a cut of R.
By the Cut Axiom there exists c with A ( c ( B.

To finish the proof of the Claim, what do we need to prove about c? …

We need to prove that it’s in S (after which point we could call it m rather than c, since it must be an integer), and that m ( n for all n in S.

Why is c in S? …

Suppose c is not in S.  If c is not an integer, then by the Lemma, we can find an interval {x: a ( x ( b} that contains c but does not contain any integers, and therefore does not contain any elements of S; or, if c is an integer but is not in S, then we can take a = c–1/2 and b = c+1/2, and the interval {x: a ( x ( b} still will not contain any elements of S.  Since c is the cutpoint for the cut A,B, we have a in A and b in B.  Since a is in A, a is a lower bound for S.  Since every element of S is ( a, and since no element of S equals a or lies between a and b, every element of S is ( b,  so b is a lower bound of S, so b is in A.  But we already noted that b is in B.  Contradiction.

Write m = c.  Why is m ( n for all n in S? …

[Draw picture.]

Suppose not.  Say m > n for some n in S.  Then m – n > 0, so m – n ( 1 (why? …

because 1 is the smallest positive integer), so m – n > 1/2, so m – 1/2 > n, so m – 1/2 is not a lower bound for S, so 

m – 1/2 is in B.  But m – 1/2  <  c, so it should be in A.  Contradiction. (
So we’ve proved that every set of integers that’s bounded below has a minimum element.

