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Questions about LaTeX?

Last time we used the Cut Axiom, plus the assumption that 1 is the smallest positive integer, to prove:

Least Element Principle: If S is a non-empty set of integers that is bounded below, then it has a minimum element m.  (Likewise every set of integers that’s bounded above has a maximum element.) 
An important consequence of the Least Element Principle is 

Principle of Induction: If S is a set of positive integers such that

(i) 1 is in S, and

(ii) whenever n is in S, n+1 is in S,

then S = N, i.e., every positive integer belongs to S.

Proof: …

Suppose not.  Let E be the non-empty set N \ S.  Since it is bounded below by 1, it has a minimum element m.  …

Could m be 1? …

No, by (i).

Could m be > 1? …

Let n = m – 1.  Then n is in S (because …

n is smaller than the smallest element of N \ S), and n+1 is not in S (because …

we’re assuming that m is in N \ S), contradicting (ii). 

Either way, we get a contradiction. (
Claim: For every real number x there exists an integer n with n > x.

Proof: Suppose not.  That is, suppose there exists a real number x such that n ( x for all integers n.  That is, x is an upper bound for the set of integers.  By the “Greatest Element Principle”, the set of integers must have a maximum element M.  But then M+1 is a still greater integer.  Contradiction. (
Claim (the Archimedean Property): For every real number ( > 0 there exists an integer n with 1/n < (.

Proof: …

Let x = 1/( > 0.  By the preceding claim, there exists n with n > 1/(, implying 1/n < ( as claimed. (
Note that the Least Element Principle played a tacit role in my proof of the existence of the irrationality of the square root of 2.  Specifically, I wrote, after making the assumption (for purposes of contradiction) that there exists at least one positive integer n such that n sqrt(2) is a positive integer, “Let n be the smallest positive integer such that n sqrt(2) is a positive integer.”  If all we know is that {n in N: n sqrt(2) is in N} is non-empty, how do we conclude that {n in N: n sqrt(2) is in N} has a least element? …

Use the fact that every non-empty set of positive integers has a least element.

Abbott’s proof of the irrationality of sqrt(2) has the same feature; it’s hidden inside the notion of writing a fraction in “lowest terms”.  If we were to define this formally, we’d see that it tacitly appeals to the Least Element Principle.

Any questions about section 1.2 or my supplementary discussions?

What are the main ideas of section 1.3?

Any questions about section 1.3?

We showed that every set S of integers that’s bounded above has a maximum m.  (In this case, m is an upper bound of S, and no number x < m can be an upper bound of S, so the set U(S) = {x: x is an upper bound of S} has a minimum element, and this minimum element is precisely m, the maximum element of S.)
Does every set of real numbers that’s bounded above have a maximum? …

No; e.g., 

take S = the set {1/2, 2/3, 3/4, 4/5, …}

or S = {x in R: x2 < 2}.

On the other hand, the set S = {x in R: x2 ( 2} does have a maximum, namely sqrt(2).

[Sketch these sets.]

In each of these three cases, what is the set of all upper bounds of S?

If S = the set {1/2, 2/3, 3/4, 4/5, …}, the set of upper bounds of S is …

the interval [1,().  (We’ll prove this later.)

If S = {x in R: x2 < 2}, the set of upper bounds of S is …

the interval [sqrt(2), ().  (That’s because sqrt(2) is defined as the least upper bound of S; see page 21 of Abbott.)

If S = {x in R: x2 ( 2}, the set of upper bounds of S is …

the interval [sqrt(2), ().

(Did you guess that it was the interval (sqrt(2), ()?  Look harder: note that every element of S is less than or equal to sqrt(2), so sqrt(2) belongs to the set of upper bounds of S.)

In each of these cases, the set S may or may not have a greatest element, but the set of upper bounds of S has a least element.

Least Upper Bound Property: If the non-empty set S is bounded above, it has a least upper bound, called the supremum of S.

(Digression: What if S is empty? …

Then S is trivially bounded above, because every real number is an upper bound of S (discuss).  But by the same token S has no least upper bound.  So, any valid proof the Least Upper Bound Property must somewhere make use of the assumption that S is non-empty!)

Next time we’ll derive the Least Upper Bound property as a consequence of the Cut Axiom.  But for now, let’s apply it to the above examples.

If S = {1/2, 2/3, 3/4, 4/5, …} = {(n–1)/n: n in N},

why is 1 the least upper bound (l.u.b.) of S? …

First show that 1 is an upper bound of S:

For all n in N, n–1 < n, so (n–1)/n < 1, so 1 is an upper bound of S.

Then show that anything less than 1 is not an upper bound of S:

Suppose x < 1.  Let ( = 1 – x > 0.  Then there exists n in N such that 1/n <  ( (why? …

because of the Archimedean Property), so (n–1)/n = 1 – 1/n > 1 – ( = x, so there exists an element of S that exceeds x, so x is not an upper bound of S.
Since 1 is an upper bound of S and no number less than 1 is an upper bound of S, 1 is the least upper bound of S. (
Turning things around: Every non-empty set S that is bounded below has a greatest lower bound, called the infimum of S.

We can derive this from the Least Upper Bound Property as follows: 

Suppose the non-empty set S is bounded below, say by a, so that a ( s for all s in S.  Consider the non-empty set –S = {– s: s in S}.

Since –a ( –s for all s in S, –a is an upper bound for –S.

Since the set –S is non-empty and bounded above, by the Least Upper Bound Property, it has a least upper bound; call it b.

A number x is an upper bound of –S iff x ( b.

What is the set of lower bounds of S?

x is a lower bound of S 



iff


x ( s for all s in S


iff


–x ( –s for all s in S


iff


–x is an upper bound of –S


iff


–x ( b


iff


x ( –b.
So the set of lower bounds is the interval (–(,–b], which has a greatest element, namely –b.  So S has a greatest lower bound, as claimed. (
