Least Upper Bound Property: If the non-empty set S is bounded above, it has a least upper bound.

Proof: Once again we will appeal to the Cut Axiom.  Given a non-empty set S that is bounded above, let …

B = ..

the set of upper bounds of S, and A = …

R \ B.

Is A,B a cut of R? …

B is non-empty (because S is bounded above), and A is non-empty (because S is non-empty; specifically, if x is some element of S, then x – 1 is not an upper bound of S, so x – 1 is in A). 
Is every real number in exactly one of the two sets A,B? …
Sure, since we took A = R \ B.
Is B a right-set? …
Sure: if x is an upper bound of S, then x  s for all s in S, and if y  x, then y  x  s  for all s in S, so y is an upper bound of S.

So A,B is a cut, and by the Cut Axiom, there exists c with
A  c  B.

To finish, we need to prove that c is the supremum of S.  That is, we need to show that c is an upper bound of S, and we need to show that every number that’s less than c is not an upper bound of S.

The second half of that is easy: …

we know that everything less than c is in A and therefore is not an upper bound of S.

Why is c an upper bound of S? …
Suppose not.  Then there exists x in S with c < x.  
[Draw picture.]
Then (c+x)/2 is not an upper bound of S, since it’s less than x.  But since (c+x)/2 is greater than c, so it’s in B, so it is an upper bound of S.  Contradiction. 

So one can derive the Least Upper Bound Property as a consequence of the Cut Axiom.

It’s also possible to go in the reverse direction, and derive the Cut Axiom as a consequence of the Least Upper Bound Property.

From now on we’ll usually derive things from the Least Upper Bound Property rather than the Cut Axiom, since this usually gives us shorter proofs.

Back to Abbott!

Example 1.2.7, Exercise 1.2.9, and beyond: Let’s compute the supremum of A = {1, 3/2, 7/4, 15/8, …} = {xn : n in N} with x1 = 1 and xn+1 = (1/2)xn + 1 for all n in N.
Numerically, it appears that the terms of the sequence are getting close to, but remaining less than, 2.
It’s not hard to show that 2 is an upper bound for A (you did something similar in Exercise 1.2.10 on the homework).
So s = sup A ≤ 2.
How do we show s isn’t smaller than 2?
By Lemma 1.3.7, for every  > 0 there exists some xn with xn > s–. 
Since s is an upper bound for A, we must have s  xn+1 = (1/2)xn + 1 > (1/2) (s–) + 1 = [(1/2)s + 1] – /2.
So s > [(1/2)s + 1] – /2 for all  > 0.
Hence s  (1/2)s + 1.
Subtracting (1/2)s from both sides, we get (1/2)s  1, which implies s  2.
Therefore s = 2.

(Why the “Hence s  (1/2)s + 1”?
That is, why does s > t – /2 for all  > 0 imply s  t? …
Suppose not.  That is, suppose s < t.  Put  = 2(t–s) > 0.
Then we have s > t – /2 = t – (t – s) = s: contradiction!)

On to section 1.4:

Main ideas of section 1.4? …

Nested Interval Property: If a1, a2, a3, … and b1, b2, b3, … are real numbers such that a1 ≤ a2 ≤ a3 ≤ … and b1 ≥ b2 ≥ b3 ≥ … and an ≤ bn for all n, then there exists a real number c such that an ≤ c ≤ bn for all n.  That is, if [a1,b1]  [a2,b2] 
[a3,b3]  …, then the intersection n≥1 [an,bn] is non-empty.

Proof idea: Let c be the supremum of {a1, a2, a3, …}.

(Incidentally, one could take the Nested Interval Property as an axiom and use it to prove the Least Upper Bound Property!)

Density of Q in R: For every two real numbers a < b, there exists a rational number r with a < r < b.

Proof: Since b – a > 0, the Archimean Principle tells us there exists n in N with 1/n < b – a.  Then 
1 < n(b – a) = nb – na, 
so there exists an integer m satisfying 
na < m < nb
(we take m to the be the smallest integer greater than na, appealing to the Least Element Principle; then m > na, and since m–1 is not greater than na, we have m–1  na and
m  na + 1 < na + (nb – na) = nb), and then
a < m/n < b.
so r = m/n is the desired rational number between a and b.

It’s also true that R\Q, the set of irrational numbers, is dense in R.  In fact, you’ll show on the homework that the set of special irrationals of the form (m/n) sqrt(2) is dense in R.

Although this might make you think that Q and R\Q are alike, the next few results show that this is far from true:
Q is countable, but R\Q is not!

Given a function f : A  B and some b in B, write f –1(b) = {a in A: f(a) = b}; this is called the pre-image of b, and it is a subset of A; it may have zero, one, or more members.
(Note that in this context f –1 does NOT denote the inverse function of f; in general a function f has no inverse.)
We say that f is 1–1, or injective, if a1  a2 in A implies that f(a1)  f(a2) in B; i.e., for all b in B,  f –1(b) contains at most one element.
We say that f is onto, or surjective, if for all b in B there exists a in A such that f(a) = b; i.e., for all b in B,  f –1(b) contains at least one element.
We say that f is bijective if it is 1–1 and onto; i.e., for all b in B,  f –1(b) contains exactly one element.

We say a set S is countable (some say “countably infinite”) if there exists a 1–1 and onto function f from N to S.  Equivalently, S is countable if there exists a sequence f(1), f(2), f(3), … that contains each element of S exactly once.

Abbott shows how to do this for S = Q on page 25, writing Q = {q1, q2, q3, …}, thus showing that Q is countable.

On the other hand, on pages 25–26 Abbott uses the Nested Interval Property in a clever way to show that there cannot be any such listing of the real numbers.
Here’s a variant of Abbott’s proof:
Suppose R = {x1, x2, x3, …}.
Let I0 = [0,1]; divide it into thirds.  [Draw picture.]
Let I1 be the left third, middle third, or right third of I0, such that x1 is not in I1.
Let I2 be the left third, middle third, or right third of I1, such that x2 is not in I2.
In general, for all n in N, let In be the left third, middle third, or right third of In–1, such that xn is not in In.
Since the intervals In are nested, the Nested Interval Property tells us that there exists a real number x that is in all of the intervals.
But for all n we have x  xn, since x is in In and xn is not.
This contradicts our assumption that R = {x1, x2, x3, …}.

(What goes wrong with this proof if we divide [0,1] into halves, quarters, etc. instead of thirds, ninths, etc.:
If xn is the midpoint of In–1, we can’t choose a half of In–1 that won’t contain xn.)

This shows that R is not countable.
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