We saw last time that Q is countable but R is not.

Could R\Q be countable?  No; for, if we could list the elements of R\Q as x1, x2, x3, …, then, combining this with our list of the elements of Q as q1, q2, q3, … we could list the elements of R = Q ( R\Q as x1, q1, x2, q2, x3, q3, …, contradicting the fact that R is uncountable.

One nice feature of the Least Upper Bound Property is that it gives us an easy way to connect our axiomatic treatment of the real numbers with the high-school notion of real numbers as non-terminating decimals.  We can now define .3333… as the least upper bound of the set

{.3, .33, .333, .3333, …}

(and we can prove that the least upper bound of this set equals 1/3); likewise we can define 3.1415… as the least upper bound of the set 

{3, 3.1, 3.14, 3.141, 3.1415, …}

= {3, 3+1/10, 3+1/10+4/100, …}

Using this interpretation of non-terminating decimals, one can prove that every non-negative real number can be represented in the form


n.d1d2… = sup {n, n+d1/10, n+d1/10+d2/100, …}

where n is a non-negative integer, and d1, d2, … are non-negative integers between 0 and 9.

Furthermore, if we require that the digit-string d1d2… not end in a string of infinitely many 9’s, then every real number has a UNIQUE decimal expansion.  (This rules out 1.49999… as a second way of representing 3/2.)

So, starting from the ordered field axioms, the axiom that 1 is the smallest positive integer, and the Cut Axiom, we can recover the decimal system for representing the real numbers.

At the end of the course, if time permits, I’ll show you how to go in the reverse direction: starting from the real numbers as infinite decimals, we can define addition, multiplication, less-than, etc., and prove that this number system satisfies the Cut Axiom, etc.

Meanwhile, let’s recall that what you learned in high school that the meaning of .333… is not “the supremum of the set {.3, .33, .333, …}” but rather “the value of the infinite sum 3/10 + 3/100 + 3/1000 + …”.

Our job in chapter 2 is to make sense of infinite sums like this, using the Least Upper Bound property to make everything rigorous.

Questions about chapter 1?

On to chapter 2!

Main ideas of section 2.1? …

When you’re adding infinitely many numbers together, order matters!

Or at least, it sometimes matters.

Main ideas of section 2.2? …

Quantifiers

The “(, N” definition of convergence

Divergence

Quantifiers:

The negation of 

“x is an upper bound of S”

is

“x is not an upper bound of S”.

“x is an upper bound of S” means

“For all y in S, y ( x”.

“x is not an upper bound of S” means

“For some y in S, y > x”.

If you’re inexperienced with logic you might guess that the negation of

P:
“For all y in S, y ( x”

is 

Q:
“For all y in S, y > x”

(since the negation of “y ( x” is “y > x”).

But the negation of a proposition P is a proposition Q that’s true when P is false and false when P is true.

Can you think of any situations in which P and Q are both FALSE? …

S = R, x = 0 (or any particular number you choose)

Can you think of any situations in which P and Q are both TRUE? …

S = the empty set (, x = 0 (or any particular number you choose).

The proposition “For all y belonging to (, y > 0” is an example of a “vacuously true proposition”.

Why do logicians and mathematics treat vacuous propositions as true?  Because the laws of logic and set theory are simpler if we do.

Example: We’d like it to be a rule of logic that if every element of set A has property P, and every element of set B has property P, then every element of set A ( B has property P.  If A and B happen to be disjoint, that shouldn’t matter.

This explains why propositions like “If x > 0 and x < 0, then x = x” are regarded as true.

On the other hand, here’s a proof that “If x > 0 and x < 0, then x ( x”:

x > 0 and x < 0 ( x > 0 > x ( x > x ( x ( x
In math, the propositions


“If x > 0 and x < 0, then x = x”

and


“If x > 0 and x < 0, then x ( x”

are viewed as compatible, true, vacuous assertions.

The good news is that treating vacuous assertions as if they were true doesn’t create problems for interesting, non-vacuous mathematical assertions.

The bad news is we have to give up on the commonplace assumption that “For all x in S, P is true” necessarily implies “For some x in S, P is true”.  This implication holds is S is non-empty, but it fails if the set S is empty:

“For all x in (–(, 0) ( (0, () , x ( x”

is true but

“For some x in (–(, 0) ( (0, () , x ( x”

is false.  Likewise

“For some x in (–(, 0) ( (0, () , x = x”

is false.

Negating quantified propositions:

Example:


(It is false that) (all good people like dogs)


(

(Some good people dislike dogs).

Note that the negation of “All good people like dogs” is NOT “All good people dislike dogs”, because both of these propositions might be false.

That is,


(It is false that)


    (for every good person P)



P likes dogs


(

(There exists a good person P such that)


    (it is false that)



P likes dogs

Another example:


(It is false that) (some bad people like cats)


(

(All bad people dislike cats).

Note that the negation of “Some bad people like cats” is NOT “Some bad people dislike cats”, because both of these propositions might be true.

That is,


(It is false that)


    (there exists a bad person P)



P likes cats


(

(For all bad people P)


    (It is false that)



P likes cats

