Propositions involving two quantifiers:

The order in which the two quantifiers occurs matters!

Joke: “Did you know that every day, someone in New York City gets stabbed?”  “Poor guy!  Why doesn’t he move?”

This joke hinges on the ambiguity of quantifiers in ordinary language.

The first speaker intended the possibly true assertion


(for all days D)


    (there exists a person P in NYC such that)



(person P gets stabbed during day D)

but the second speaker misinterpreted it as


(there exists a person P in NYC such that)


    (for all days D)



(person P gets stabbed during day D)

A more mathematical example:

“(for all x) (there exists y such that) y > x”: true or false?

...

True!

“(there exists y such that) (for all x) y > x”: true or false?

...

False!

We can think of these propositions in terms of a game between two players, Adam and Eve: Adam picks x, Eve picks y, and Eve wins if y > x; that is, Eve wins if her number is bigger.  Does she have a winning strategy?  If Adam makes the first move, Eve has a winning strategy; if Eve makes the first move, Adam has a winning strategy.  (This game is a variant of the “My folks make more money than your folks” game.)

To negate a quantified proposition with several quantifiers, it sometimes helps to go in small steps.  Here’s an example related to section 2.3:

(It is false that) (the sequence (xn) is bounded)

(
(It is false that) (there exists M s.t.) (for all n in N) |xn| ( M
(
(For all M) (it is false that) (for all n in N) |xn| ( M
(
(For all M) (there exists n in N s.t.) (it is false that) |xn| ( M
(
(For all M) (there exists n in N s.t.) |xn| > M.
A quantified proposition is true if it’s a win for Eve;

the proposition is false if it’s a win for Adam.

Three quantifiers:

Formal definition: The sequence (an) converges to a iff

for every ( > 0

    there exists N in N such that

        for all n ( N
            |an – a| < (.

Counterpart: The sequence (an) does not converge to a iff 

there exists ( > 0 such that

    for every N in N
        there exists n ( N such that

            |an – a| ≥ (.

Four quantifiers:

The sequence (an) is convergent iff

there exists a in R such that

    for every ( > 0

        there exists N in N such that

            for all n ( N
                |an – a| < (.

The sequence (an) is divergent iff


for every a in R
    there exists ( > 0 such that

        for every N in N
            there exists n ( N such that

                |an – a| ≥ (.

Questions about section 2.2?

Questions about the homework due Friday?

[Brainstorm about homework problems.]

Exercise 1.3.2(a): …

Imitate Definition 1.3.2, changing the directions of inequalities as needed.

Exercise 1.3.2(b): …

Imitate the proof of Lemma 1.3.7, changing the directions of inequalities as needed.

Exercise 1.3.3(a): …

Prove separately that sup B ( inf A and sup B ( inf A.

Or: Use … ?

Lemma 1.3.7.

Or: Go back to definition 1.3.2 and show directly that inf A satisfies the two properties a number must satisfy to be the supremum of B. 

Exercise 1.3.8: …

Apply Lemma 1.3.7 with a particular (, namely …

( = sup B – sup A.
Exercise 1.3.9: Talk about it on your own after class, or exchange email with one another.  Just be sure to say who you corresponded with!

1.4.5: Use …?

the Archimedean Property.

Extra Problem A: Imitate …

what I did in class on 9/18 for {1, 3/2, 7/4, 15/8, …}.

Extra Problem B: Imitate …

Abbott’s proof of Theorem 1.4.1.

Extra Problem C: Imitate …

Abbott’s proof of Theorem 1.4.3 (or my paraphrase), or hitch a ride on Theorem 1.4.3.

Moral: Work together!

