For Friday, read section 2.6 and 2.7.
Questions on anything up through section 2.4?

If you have questions about assignments 1 and 2, please email them to me, and I’ll answer them by email or in class.

Questions about assignment 3?

Section 2.5: Subsequences and the Bolzano-Weierstrass Property

Main idea(s)? …

Subsequences

Bolzano Weierstrass Theorem: Every bounded sequence has a convergent subsequence

Subsequences

Theorem 2.5.2 = Exercise 2.5.1: If a sequence (an) converges to L, then every subsequence of (an) converges to L.

Proof: Assume (an) ( L, and let (bj) be a subsequence of (an), where the jth term of (bj) is the njth term of (an), with n1 < n2 < n3 < … .  We must show that (bj) ( L as well.

Suppose ( > 0 is arbitrary.

(Old math joke: Student says “But what if ( isn’t arbitrary?”)

We need to produce …

…

an N ( N such that j ( N implies |bj – L| < (.

Let (0 = (.
Because (an) ( L we know that there exists an N0 such that |an – L| < (0 for all n ( N0.

But nj ( j, so this same cutoff works for the subsequence as well.

To be precise, if we take N = N0, then j ( N implies nj ( N0, and so |bj – L| < (0 = ( as desired. (
(Does anyone know how to get double-subscripts in Word?)
If a sequence diverges, must every subsequence of it diverge? …

…

No; e.g., take 1, –1, 1, –1, 1, –1, …

It has subsequences converging to 1 and –1.

(Note that this sequence is bounded; so it’s an example of the fact that a sequence can be bounded without being convergent.)

If a sequence diverges, must it have some subsequence that converges? …

…

No; e.g., take 1, 2, 3, 4, …

If a sequence is bounded, must it have some subsequence that converges? …

…

Yes; this is the Bolzano-Weierstrass Theorem.

Questions about the Bolzano-Weierstrass Theorem, or about Abbott’s proof on page 57?

[Remind them how the proof goes.]

A different proof is sketched by Abbott in Exercise 2.5.6.

Here’s a sketch of yet another proof, making use of the result of Exercise 2.4.6.

Let (an) be a bounded sequence.  Let yn = sup{ak : k ( n}.  Then the sequence (yn) is bounded (with the same bounding constant as (an)) and (weakly) decreasing (since yn = 

sup{ak : k ( n} = max(an, sup{ak : k ( n+1}) = max(an, yn+1) ( yn+1), so …

…

by the Monotone Convergence Theorem, yn converges to a limit, which is called the “limit superior” or “lim sup” (pronounced “limb soup”) of (an), denoted by 

limn(( sup{ak : k ( n}

or just “lim sup an”.  This limit can also be characterized as the supremum of the set

S = {x ( R : x < an for infinitely many terms an}.

For instance, the sequence

1, 1 – 1/2, 1/3, 1 – 1/4, 1/5, 1 – 1/6, 1/7, 1 – 1/8, …

has lim sup equal to 1, as does the sequence

1, 1 + 1/2, 1/3, 1 + 1/4, 1/5, 1 + 1/6, 1/7, 1 + 1/8, …

Theorem: If (an) is a bounded sequence, there exists a subsequence of (an) converging to lim sup an.

Likewise there exists a subsequence of (an) converging to lim inf an, which is defined as limn(( inf{ak : k ( n}, and is also equal to the infimum of the set {x ( R : x > an for infinitely many terms an}.  In both of the preceding examples, the lim inf is 0.

Questions on section 2.5?
