For Friday, read section 3.2.  (We’ll start 3.1 today, but we won’t finish it till Friday.)

For Monday, read section 3.3.

Wrapping up section 2.7:

Series that contain both positive and negative terms arise often, but it frequently happens that all the terms of a sequence we’re interested in are positive, or at least non-negative.  (For instance, if we’re given a series (n ( N an with positive and negative terms, and we want to know whether it’s absolutely convergent, we have to look at 

(n ( N |an|, and that’s a series with non-negative terms.)

Theorem: If the terms of a series are non-negative, then the

series converges if and only if the partial sums are

bounded.  Or, turning this around, the series diverges
if and only if the partial sums are unbounded.

Proof: …

If (n ( N an converges, then the sequence of partial sums is convergent, so the sequence of partial sums is bounded.

Conversely, if the sequence of partial sums is bounded, then the fact that an ( 0 for all n implies that the sequence of partial sums is …

monotone, so by the Monotone Convergence Theorem, the sequence of partial sums converges.

Exercise 2.7.7: Use basic facts about geometric series to supply a proof for Corollary 2.4.7 (the p-series convergence test).

Solution: By the Cauchy Condensation Test (Theorem 2.4.6), ( 1/np converges if and only if ( 2n (1/2n)p converges.  But notice that

( 2n (1/2n)p = ( (1/2n)p–1 = ( (1/2p–1)n.

By the Geometric Series Test (Example 2.7.5), this series converges if and only if |1/2p–1| < 1, i.e. 1/2p–1 < 1, i.e.

2p–1 > 1, i.e. p–1 > 0, i.e. p > 1. (
Comparison Test (Theorem 2.7.4): Assume (ak) and (bk) are sequences satisfying 0 ( ak ( bk for all k in N.

(i) If (k(N bk converges, then (k(N ak converges.

(ii) If (k(N ak diverges, then (k(N bk diverges.

[Make a 2-by-2 table of possibilities.]

Assertions (i) and (ii) are logically equivalent, since they’re just different ways of asserting that you can’t simultaneously have (k(N ak diverge and (k(N ak converge.

(More generally, the propositions “P implies Q” and 

“Not-Q implies not-P” are always logically equivalent.)

So it suffices to prove (i).

Problem 2.7.2(a): Provide the details for the proof of the Comparison Test (Theorem 2.7.4) using the Cauchy Criterion for series.

Solution: Assume (k(N bk converges.  Then (k(N bk is Cauchy.  Thus given ( > 0 there exists N in N such that whenever n > m ( N it follows that

|bm+1 + bm+2 + … + bn| = |tn – tm| < (
where tn denotes the nth partial sum b1 + b2 + … + bn.

Since 0 ( ak ( bk for all k in N, we have

|sn – sm| = |am+1 + am+2 + … + an| 

     < |bm+1 + bm+2 + … + bn|

     < (
whenever n > m ( N (where sn denotes the nth partial sum a1 + a2 + … + an), and so (k(N ak is Cauchy and hence converges as well.

Problem 2.7.2(b): Give another proof for the Comparison Test, this time using the Monotone Convergence Theorem.

Solution: Assume (k(N bk converges.  Then the sequence of partial sums is bounded.  Hence the sequence of partial sums for the series (k(N ak is bounded.  Since the sequence of partial sums is monotone, the Monotone Convergence Theorem assures us that it converges.  (In your write-ups I’d want to see more details than this, but that’s the main idea.)

Problem 2.7.3 (I’ll get you started, and you can finish the rest for the homework): Let ( an be given.  For each n in N, let pn = max(an,0) which is an if an is positive and 0 otherwise, and let qn = min(an,0) which is an if an is negative and 0 otherwise.

If the definition is unclear, look at an example:

(n(N an = 1 – 1/2 + 1/3 – 1/4 + 1/5 – 1/6 + …

(n(N pn = 1   + 0  + 1/3   + 0  + 1/5   + 0  + …

(n(N qn = 0 – 1/2 +   0  – 1/4   + 0  – 1/6  + …

The key observation is that pn + qn = an.  So we can apply the Algebraic Limit Theorems.

Also, don’t forget that “P implies Q” is equivalent to

“Not-Q implies not-P”.  E.g., to prove

(a) If  ( an diverges, then at least one of ( pn, ( qn diverges,

it’s enough to prove …

…

(a() If both ( pn and ( qn converge, then ( an converges.

Questions on Chapter 2?

Section 3.1: The Cantor set

Abbott gives a geometrical description of the Cantor set, starting from the unit interval and carving away pieces of it:

C0 = [0,1]

C1 = [0,1/3] ( [2/3,1]

C2 = [0,1/9] ( [2/9,1/3] ( [2/3,7/9] ( [8/9,1]

…

Cn consists of 2n intervals of length (1/3)n, and we get Cn+1 by removing the middle third of each of the constituent intervals of Cn.

Cantor’s set is (n(N Cn; that is, it’s the set consisting of precisely those real numbers that lie in ALL of the Cn’s.

We’ll call it C, but don’t mistake it for any particular Cn; it’s the intersection of all of them!

It’s easy to see that C contains 0, 1, 1/3, 2/3, 1/9, 2/9, 7/9, 8/9, etc.; that is, C contains every number that’s an endpoint of one of the intervals that we constructed along the way.  Call this set of endpoints B (for “boundary”).

But C contains lots of other numbers that aren’t in B.

In fact, it can be shown that C consists of every real number that can be written in base three using only the digits 0 and 2 (keeping in mind that in base three, a string of trailing 2’s is like a string of trailing 9’s in base ten).  So C contains

. 0 2 0 0 0 0 … = 2/9

and

. 0 2 2 2 2 2 … = 1/3

and

. 2 0 2 0 2 0 … = 3/4.  

The elements of B are those elements of C that end in an infinite string of 0’s or an infinite string of 2’s.

Most elements of C are not elements of B; specifically, B is countable while C is not.  [Discuss: Why is the set of endpoints countable?  Why is C itself uncountable?]

On the other hand, the elements of B do “fill” C in much the same way as the dyadic rationals 

0, 1, 1/2, 1/4, 3/4, 1/8, …

“fill” [0,1].

In this chapter, we’ll learn what it means to say that [0,1] is the closure of {0, 1, 1/2, 1/4, 3/4, 1/8, …} and that C is the closure of B.
