For Wednesday, read section 3.3.

Section 3.2:

Main ideas? …
Open sets
Closed sets
Limit points
Closure of a set
Complementation theorem

Given a set A  R, say that the point a in A is an interior point of A if there exists  > 0 such that V (a) :=
{x  R : |x – a| < } = (a – , a + ) lies entirely in A.  (We call V (a) the “epsilon neighborhood of a”.)

Example: If A = [0,1], the point a = 2/3 is an interior point of A (why?) but the point a = 0 and a = 1 are not.  (For that matter, neither is a = 2.)  The set of interior points of [0,1] is …
(0,1).

We say that a set A  R is open if every point a in A is an interior point of A.

Which of the following sets are open?  What are the interior points?

(0,): Yes it’s open (just take  = a); all its points are interior points
(–,0]: No it’s not open; 0 is not an interior point (but every other element is)
{0}: No it’s not open; it has no interior points!
{x  R: x  0}: Yes it’s open; all points are interior
Q: No it’s not open; it has no interior points
R \ Q: No it’s not open; it has no interior points
R: Yes it’s open; any  will do; all its points are interior
The empty set: Yes it’s open; all none of its points are interior

Theorem 3.2.3 (i) states that the union of an arbitrary collection of open sets is open.  (Example: R \ Z = 
…  (–2, –1)  (–1,0)  (0,1)  (1,2)  (2,3)  ... is open.)

Theorem 3.2.3 (ii) states that the intersection of a finite collection of open sets is open.  Exercise 1 asks you to show that the finiteness condition cannot be dropped.

Given a set A  R, say that the point a (not necessarily in A!) is a limit point (or cluster point) of A if for every  > 0 the neighborhood V (a) contains a point of A other than a.

Example: If A = {0, 1/2, 2/3, 3/4, 4/5, …}, then 1 is a limit point of A (even though it is not an element of A) and 2/3 is not a limit point of A (even though it is an element of A).

We say that a set A  R is closed if every limit point of A belongs to A.

Given a set A  R, let L be the set of limit points of A.  The closure of A is defined to be A̅ = A  L.

Theorem 3.2.12: The closure of A is a closed set and is the smallest closed set containing A.  (In particular, A is closed iff A = A̅.)

Which of the following sets are closed?  What are the limit points?  What is the closure?

(0,): No it’s not closed; 0 is a limit point, as is every positive number.  The closure is [0,).
(–,0]: Yes it’s closed; its limit points are just the elements of itself.  The closure is (–,0].
{0}: Yes it’s closed; it has no limit points.  The closure is {0}.
{x  R: x  0}: No it’s not closed; 0 is a limit point, as is every element of the set.  The closure is R.
Q: No it’s not closed; every real number is a limit point.  The closure is R.
R \ Q: No it’s no closed.  The closure is R.
R: Yes it’s closed.  The closure is R.
The empty set: Yes it’s closed.  The closure is the empty set.
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