For Friday, read section 3.3.

Definition 3.2.6 (restated): A point a in A is an isolated point of A if there exists an ( > 0 such that V( (a) contains no point of A other than a.

Exercise 3.2.2: Let B = {(–1)n n / (n+1) : n = 1, 2, 3, …} = {–1/2, 2/3, –3/4, 4/5, …}

(a) Find the limit points of B.


+1 and –1

(b) Is B a closed set?


No (it does not contain its limit points).

(c) Is B an open set?


No (in fact it has no interior points at all)

(d) Does B contain any isolated points?


Yes (all its points are isolated points)

(e) Find the closure of B.


B ( {–1,1}

(+) Find the interior (i.e., the set of interior points) of B. 


The empty set

Exercise 3.2.4: Show that if x = lim an for some sequence (an) contained in A satisfying an ( x for all n, then x is a limit point of A.

(Theorem 3.2.5 says that this implication goes both ways; Abbott has already proved the other direction.)

Proof: The sequence (an) converges to x, so by Definition 2.2.3(b), every (-neighborhood V((x) contains all but a finite number of the terms of (an).  Since (an) is contained in A, this means that V((x) ( A is non-empty and contains elements other than x.  Since ( was arbitrary, x is a limit point of A. (
Example: Let B be the set of endpoints in the construction of the Cantor set, and let C be the Cantor set itself.  Then every element of C is a limit point of B.

Proof: Every element x of the Cantor set lies in nested intervals I1, I2, I3, … where the length of In is 3–n.  For all n ( 1, let an be some endpoint of In that is not equal to x (since In has two endpoints, at least one of them is not equal to x).  Then |x – an| ( 3–n, so (an) converges to x, and since an ( x for all n, x is a limit point of B. (
Exercise 3.2.6: Prove Theorem 3.28.  That is, show that a set F ( R is closed if and only if every Cauchy sequence contained in F has a limit that is also an element of F.

Proof:

(() Assume that the set F ( R is closed. Consider a Cauchy sequence (an) contained in F.  Because (an) is Cauchy, we know x = lim an exists.  If an = x for some n, then since an is in F, x is in F.  On the other hand, if an ( x for all x, then it follows from Theorem 3.2.5 that x is a limit point of F.  But since F contains its limit points, x is in F.

(() Assume that every Cauchy sequence contained in F has a limit that is also an element of F.  To show that F is closed we want to show that it contains its limit points.  Let x be a limit point of F.  By Theorem 3.2.5, x = lim (an) for some sequence (an) whose terms satisfy an ( F, an ( x for all n.  Because (an) converges, it must be a Cauchy sequence.  So the limit x is contained in F.  Since x was arbitrary, F contains all its limit points, and therefore F is closed. (
The complement of a set A is defined as


Ac = {x in R: x ( A}.

Theorem 3.2.13: A set O is open if and only if Oc is closed.  Likewise, a set F is closed if and only if Fc is open.

(After class: Look back over the examples we covered last time and check that this is true in every case.)

Define the interior of a set A as the set of points interior to A, as defined above, so that in particular, a set is open iff it is its own interior.  (Compare: A set is closed if it is its own closure.)  Write the interior of A as Ao.

Extension of Theorem 3.2.13: Suppose A and B are complementary sets (B = R \ A, or equivalently, A = R \ B).  Then the interior of A and the closure of B are complementary as well. 

Putting it differently, the interior of the complement is the complement of the closure, and the closure of the complement is the complement of the interior!  In symbols:


(Ac)o = (A̅)c and (Ac)̅ = (Ao)c.

Claim: If A and B are closed sets, so are A(B and A(B.

Proof: If A and B are closed, then Ac and Bc are open, so Ac ( Bc and Ac ( Bc are open, so (Ac ( Bc)c and (Ac ( Bc)c are closed; but (Ac ( Bc)c = A(B and (Ac ( Bc)c = A(B (“De Morgan’s Laws”).

In fact, the same idea shows that if you take the union of finitely many closed sets, the union is closed, and if you take the intersection of any (finite or infinite) collection of closed sets, the result is closed.  This is a consequence of Theorem 3.2.3, by way of De Morgan’s Laws.  (This is Theorem 3.2.14, aka Exercise 3.2.10.)

Example: The Cantor set C is closed.

Proof: We constructed C as the intersection of closed sets C0 = [0,1], C1 = [0,1/3] ( [2/3,1], etc.  Since each Cn is closed, so is their intersection.

Can someone give an example of a set A that is the union of infinitely many closed sets, such that A itself is not closed? 

…

Write the open interval (0,1) as (n(N [1/n, 1–1/n].

Or write (0,1) as the union of the singleton sets {x} for all x in (0,1), i.e., (0,1) = (x(R {x}.

Just as the closure of A is the smallest closed set containing A (as a subset), the interior of A is the largest open set contained in A.  More specifically, every closed set that contains A must contain the closure of A, and every open set that is a subset of A must be a subset of the interior of A.  (If this seems too abstract, focus on a concrete example like the sets [0,1] and (0,1) and their complements.)

Let B be the set of endpoints in the construction of the Cantor set, and let C be the Cantor set itself.  Then C is the closure of B.

Proof: We just saw that C is closed, so C is a closed set containing B; hence C ( B̅. On the other hand, every element of C is a limit point of B (as we saw at the start of the lecture), so C ( B̅.  We conclude that C = B̅.

