For Monday, read section 4.1 and 4.2 (we’ll skip sections 3.4–3.6).
Another way to see that the Cantor set is closed is to note that the removed intervals (1/3,2/3), (1/9,2/9), (7/9,8/9), etc. are all open sets, so by Theorem 3.2.3, their union is open too.  Call this union O.  The Cantor set C can be written as [0,1] \ O, but this is the same as [0,1] ( Oc.  Since O is open, Oc is closed (by Theorem 3.2.13); and since [0,1] and Oc are closed, so is [0,1] ( Oc (by Theorem 3.2.14).

Exercise 3.2.13: Prove that the only sets that are both open and closed are R and the empty set.

Proof: For contradiction, assume that there exists a nonempty set A ( R that is both open and closed.  Because A ( R, B = Ac is also nonempty, and B is open and closed as well.  Pick a point a1 ( A and b1 ( B.  We can assume, without loss of generality, that a1 < b1.  Bisect the interval [a1, b1] at c = (a1+b1)/2.  Now c ( A or c ( B.  If c ( A, let a2 = c and let b2 = b1.  If c ( B, let b2 = c and let a2 = a1.  Continuing this process yields a sequence of nested intervals In = [an, bn] where an ( A and bn ( B.  By the Nested Interval Property there exists an x ( (n ( N In.  Because the lengths (bn – an) ( 0, we have lim an = x which implies that x ( A because A is closed.  However it is also true that lim bn = x and thus x ( B because B is closed.  Thus we have shown x ( A and x ( Ac.  This contradiction implies that no such set A exists. (
It can be shown that, conversely, the completeness of R is a consequence of the fact that the only sets that are both open and closed are R and the empty set.

Section 3.3: Compact sets

Definition: A set K ( R is compact if every sequence in K has a subsequence that converges to a limit in K.

Heine-Borel Theorem (Theorem 3.3.4): A set K ( R is compact iff (i.e., if and only if) it is closed and bounded (where we say that the set A ( R is bounded if there exists M > 0 such that |a| ( M for all a ( A).

[Do 3.3.5 with students.  Also consider Z.]

(a) Q: Take the sequence 1,2,3,…

(b) Q intersect [0,1]: Take a sequence of rational numbers converging to some irrational number in [0,1].

(c) R: Take the sequence 1,2,3,…

(d) Z intersect [0,10]: It is compact.  

(e) {1, 1/2, 1/3, 1/4, 1/5, …}: Take 1, 1/2, 1/3, 1/4, 1/5, …

(f) {1, 1/2, 2/3, 3/4, 4/5, …}: It is compact.

Z: Take 1, 2, 3, …
Exercise 3.3.2: Prove the converse direction of Theorem 3.3.4 by showing that if a set K ( R is closed and bounded, then it is compact.

Proof: Let K ( R be closed and bounded.  Since K is bounded, the Bolzano-Weierstrass Theorem guarantees that every sequence contained in K has a convergent subsequence.  Because the set is closed, the limit of this subsequence is also in K (Theorem 3.2.8).  Hence K is compact. (
Let A ( R.  An open cover for A is a (possibly infinite) collection of open sets {O(: ( ( (} for which A ( (((( O(, i.e., such that the union of the O(’s contains A as a subset.  A finite subcover is a finite collection of sets O( from the original collection whose union contains A as a subset.

Example: Let I = [0,1], and for all x in [0,1] let Ox be the open interval (x–1/3, x+1/3).  Then the union of the open sets Ox contains [0,1] as a subset, so the infinite collection {Ox: x ( [0,1]} is an open cover of [0,1].

Does this cover have a finite subcover? …

…

Yes; e.g., {O1/4, O1/2, O3/4}, or {O0, O1/2, O1}, or …

Main result: Let K be a subset of R.  The following are equivalent (i.e., either all are true or all are false):

(i) K is compact.

(ii) K is closed and bounded.

(iii) Any open cover for K has a finite subcover.

Theorem 3.3.5: A downward-nested collection of compact sets K1 ( K2 ( K3 ( K4 ( … has non-empty intersection.

Exercise 3.3.8: Following Abbott’s sketch, complete the proof of Theorem 3.3.8 by showing that if K is closed and bounded then any open cover for K has a finite subcover.

Proof:  Assume K is closed and bounded (and hence compact by Heine-Borel), and let {O(: ( ( (} be a cover of K.  For contradiction, assume that no finite subcover exists.  Let I0 be a closed interval containing K, and bisect I0 into two closed subintervals A1 and B1, so that {O(: ( ( (} is also a cover of A1(K and B1(K.

(a) If A1(K is covered by some finite subcollection of the O(’s and B1(K is covered by some finite subcollection of the O(’s, then, taking the union of the two subcollections, we would get a finite subcollection of the O(’s covering (A1(K) ( (B1(K) = I0(K = K, contrary to our assumption.  Hence either A1(K or B1(K (or both) have no finite subcover by sets of the form O(.  

(proof to be continued next time)

We won’t cover sections 3.4 through 3.6.

Questions on anything in chapters 1 through 3 (the sections we covered in class)?  Send me email!

[Return homeworks]

