Questions about the midterm exam on Friday?

The problems are NOT arranged in order of increasing difficulty, but they’re all worth the same amount, so it pays for you to look them all over for a minute or two (instead of just diving in and tackling the problems in the order in which they appear on the exam).

This is a closed book, closed notebook exam.  You may not use a calculator.  In your solutions you may appeal to any facts that are stated in the text or were discussed in class, unless otherwise instructed.

You may use a five-page cheat-sheet, as discussed in class. 
Your cheat sheet must be WRITTEN or TYPED by you.

You must show your work to get full credit.

If you get an answer that doesn’t make sense but don’t have time to trace down your error, don’t just cross out your answer; explain why you think the answer you got looks wrong, and you may get some extra points for showing insight.

If you write on the back of a page, please write “continued on other side” at the bottom of the front of the page.

Claim: If (sn) converges, then (an) converges to 0.  (This is Theorem 2.7.3.)

Did anyone find a different proof that doesn’t use Cauchy sequences?
…
Proof: Say sn converges to S.  Then since (sn)  S and (sn–1)  S, the Algebraic Limit Laws imply that (an) = (sn – sn–1)  S – S = 0.

Practice problems from Monday:

1. Suppose x1 = 1 and xn+1 = xn + 1/xn for all n  1
(so that x2 = 2, x3 = 5/2, etc.)  Does (xn) converge?  Give a rigorous proof of your answer.

Solution #1: Suppose the sequence converges to some limit L.  Then, applying the Algebraic Limit Laws to each of the terms in the recursive equation xn+1 = xn + 1/xn we obtain the relation L = L + 1/L, which has no solution.  Hence no limit exists.

Solution #2: Suppose the sequence converges to some limit.  Then the sequence must be bounded, say by the positive integer M.  Since xn  M for all n, we have 1/xn  1/M for all n, so xn+1 = xn + 1/xn  xn + 1/M, so an induction argument gives us xn+k  xn + k/M for all n,k; in particular, taking n = 1 and  k = M2, we get x1+k  x1 + M2/M = 1 + M, contradicting the assumption that the terms of the sequence are all bounded by M.  Hence (xn) does not converge.

Solution #3 (sketch): First use induction to show that xn  1 for all n.  This implies that xn+1 = xn + 1/xn  xn + 1 for all n.  Use this to show by induction that xn  n for all n. This implies that xn+1 = xn + 1/xn  xn + 1/n for all n.  Use this to show by induction that xn  1 + 1 + 1/2 + 1/3 + … + 1/(n–1) for all n.  But the harmonic series diverges, so the partial sums 1 + 1/2 + 1/3 + … + 1/(n–1) are unbounded, implying that the sequence (xn) is unbounded as well.  Therefore the sequence (xn) does not converge.

2. Suppose xn  0 for all n  N.   If (xn)  0, show that (sqrt(xn))  0.  (This is exercise 2.3.2(a).)

Solution: For any  > 0, there exists an integer N such that |xn| < 2 for all n  N (because (xn)  0).  Then for all n  N we have |sqrt(xn)| < sqrt(2) = .  Since  was arbitrary, this proves that (sqrt(xn))  0.

3. Suppose (xn) has the property that |xm – xn| < 1/m + 1/n for all m,n.  Prove that (xn) is Cauchy.

Solution: Given  > 0, take N > 2/.  Then for all m,n  N we have |xm – xn| < 1/m + 1/n  1/N + 1/N = 2/N < .  Since  was arbitrary, (xn) is Cauchy.

4. Prove or disprove: the sum of two bounded sequences must be bounded.

Solution: True.  Suppose (xn) and (yn) are bounded, say with |xn|  M1 and |yn|  M2 for all n.  Then by the triangle inequality (Example 1.2.5) |xn+yn|  |xn| + |yn|  M1 + M2, so (xn+yn) is bounded.

5. Prove or disprove: the sum of two unbounded sequences must be unbounded.

Solution: False.  E.g., take (xn) = n, (yn) = –n.

[Discussion of how the class is going so far.  LaTeX, etc.]

For Friday: Get lots of sleep!
For Monday: Read 4.1 – 4.2.
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