Please remind me to return homeworks at the end of class. 

Do you have questions about the midterm?

10-minute conversation (with follow-up by email):
Thoughts about the course thus far (LaTeX in particular)?
How well does my use of class time match up with your needs vis-à-vis learning the material?  Is the level of difficulty of the course appropriate?  What do you think of the homework problems?  The grading?  The exam?  Is the textbook good?

Today: 4.1 – 4.2.  Wednesday: 4.3.  Friday: 4.4.

Chapter 2 is about sequential limits, e.g. limn n/(2n+1) = 1/2.

Chapter 4 is about functional limits, e.g. limx0 x/(2x+x2) = 1/2.

Note that if we put x = 1/n in x/(2x+x2) we get 
(1/n)/(2/n + 1/n2) = n/(2n+1).  So it’s no coincidence that we got the same answer to both questions.  The main theorem of the chapter asserts a relationship between sequential limits and functional limits in just this way.

Recall:
limn xn = L if for all  > 0 there exists N  N such that 
for all n  N, |xn – L| < .

Now we introduce:
limxc f(x) = L if for all  > 0 there exists  > 0 such that 
for all x  c in (c–, c+) for which f(x) is defined, |f(x) – L| < .  (We require that c is a limit point of the domain of f ; more on this later.)

“Why do we exclude x = c?”
“Because f(c) might not be defined.  This is certainly the case for x/(2x+x2) and sin 1/x (see Example 4.2.6) at 0.  More generally, it’s possible that f(c) IS defined, but that it has the “wrong” value; e.g., take
		{2x if x  1
f(x)   =	{ 
{3   if x = 1.
We still want to be able to say that limx1 f(x) = 2, even though f(1) = 3, if only so we can say what’s wrong with this function, namely, that its value at x = 1 differs from its limit as x  1.”

Note that another name for (c – , c + ) is V (c).  Also note that way to say “x  c and x  V (c)” is “0 < |x – c| < ”.

One final caveat: Definition 4.2.1 requires that c is a limit point of the domain of f.   For instance, suppose f(x) = sqrt(x) + sqrt(–x) with domain A = {0}.  Since 0 is not a limit point of A, the definition does not permit us to talk about limx0 f(x).  And that’s a good thing, since technically speaking, the assertion “limx0 sqrt(x)+sqrt(–x) = L” is vacuously true for all L, under our definition of limits!

Sequential Criterion for Functional Limits (Theorem 4.2.3): Given a function f : A  R and a limit point c of A, the following two statements are equivalent:
(i) limxc f(x) = L.
(ii) For all sequences (xn) with terms in A \ {c} satisfying (xn)  c, it follows that f(xn)  L.

Example: Let A = {x  R: 2x+x2  0} = R \ {0, –2}, let c = 0, and define f : A  R by f(x) = x/(2x+x2).  Then the Sequential Criterion for Functional Limits tells us that if we already know that limx0 x/(2x+x2) = 1/2, then we can conclude that for any sequence xn with terms not in {–2,0} converging to 0, limn xn/(2xn+xn2) = 1/2.  For instance, using xn = 1/n we get limn (1/n)/(2/n+1/n2) = 1/2.

Note that since (ii) requires that limn f(xn) = L for ALL sequences with terms in A \ {c} with limn  xn = c, we cannot argue in the reverse direction.  That is, just knowing that limn xn/(2xn+xn2) = L for some particular sequence (xn) of nonzero terms converging to 0, such as xn = 1/n, does not permit us to conclude that limx0 x/(2x+x2) = L.

However, knowing that limn f(xn) does NOT exist, for a particular sequence (xn) with terms in A \ {c} and limit c, permits us to conclude that limxc f(x) does not exist either. 

Moreover, even if limn f(xn) does exist for a particular sequence (xn) with terms in A \ {c} and limit c, if there happens to be another sequence (yn) with terms in A \ {c} and limit c, if limn f(yn) doesn’t exist or has some value different from limn f(xn), then limxc f(x) doesn’t exist.

Divergence Criterion for Functional Limits (Corollary 4.2.5): Let f  be a function defined on A, and let c be a limit point of A.  If there exist two sequences (xn) and (yn) in A with xn  c and yn  c for all n  N, and lim xn = lim yn = c but lim f(xn)  lim f(yn), then limxc f(x) doesn’t exist.  (In fact, we can conclude that limxc f(x) doesn’t exist if lim f(xn) is undefined OR lim f(yn) is undefined OR the two limits are defined but unequal.)

Example (Exercise 4.2.3(a)): Use Corollary 4.2.5 to show that limx0 |x|/x does not exist.
Proof: With xn = 1/n and yn = –1/n we have xn, yn  0 for all n and we have lim xn = lim yn = 0, but we get |xn|/xn = +1 and |yn|/yn = –1, so lim |xn|/xn  lim |yn|/yn.

If it’s helpful, one way you can think of the relationship between functional and sequential convergence is that the set {x  R: 0 < |x – c| < } plays the same role in the former as the set {n  N : n  N} plays in the latter; the former is a neighborhood of c (minus the point c itself), while the latter is a “neighborhood of infinity” (which of course doesn’t contain infinity itself, since infinity isn’t a number).
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