Please remind me to return homeworks at the end of class. 

Today: 4.2 and 4.3. Friday: 4.4.

Variant of Exercise 4.2.3(a): Show directly from Definition 4.2.1 that limx0 |x|/x does not exist.
Proof: Put f(x) = |x|/x (for all x  0), and note that f(x) = 1 for all positive x and –1 for all negative x.  Take  = 1, and suppose for purposes of contradiction that limx0 f (x) = L for some particular L. There must exist  > 0 such that for all x  0 in V(0) we have |f(x) – L| < .  But this implies that |1 – L| <  (since V(0) contains positive x’s) and also implies that |(–1) – L| <  (since V(0) contains negative x’s).  By the triangle inequality, 
2 = |1 – (–1)| = |(1 – L) + (L – (–1))|
    |1 – L| + |L – (–1)|  = |1 – L| + |(–1) – L| 
   <  +  = 2 = 2,
which is a contradiction. 

We can use the same approach to solve Exercise 2.3.4: 
Show that (sequential) limits, if they exist, must be unique.  In other words, assume lim an = L1 and lim an = L2, and prove that L1 = L2.  

Or, in other (better) words: Assume that
(>0)(NN)(nN,nN) |xn – L1| <  and
(>0)(NN)(nN,nN) |xn – L2| < , 
and prove L1 = L2.
Proof: Given  = |L1 – L2| / 2 (which is positive if L1  L2),
take N1  N such that |xn – L1| <  for all n  N1 and 
take N2  N such that |xn – L2| <  for all n  N2.
Then for all n  N := max(N1,N2) we have |xn – L1| <  and |xn – L2| < , implying 
|L1 – L2|  |L1 – xn| + |xn – L2| = |xn – L1| + |xn – L2| 
             <  +  = 2 = |L1 – L2|
which is a contradiction. 

Exercise 4.2.1: Use Definition 4.2.1 to supply a proof for the following statements.

(a) limx2 (2x+4) = 8.

Fill in the blanks: “Given any  > 0, if we take  = …, then every x satisfying 0 < |x – 2| <  satisfies |(2x+4) – 8| … < … .”

..?..

Given any  > 0, if we take  = /2, then every x satisfying 0 < |x – 2| <  satisfies |(2x+4) – 8| = |2x – 4| = |2(x – 2)| = 
2 |x – 2| < 2 = .

(b) limx0 x3 = 0.

Given any  > 0, if we take 
..?..
 = 1/3, then every x satisfying 0 < |x – 0| <  satisfies
|x3 – 0| = |x3| < ||3 = .

(c) limx2 x3 = 8.

What’s wrong with the following purported proof?
“Given any  > 0, if we take  = /(x2+2x+4), then every x satisfying 0 < |x – 2| <  satisfies |x3 – 8| = |(x–2)(x2+2x+4)| = |x–2| |x2+2x+4| <  (x2+2x+4) = .”
..?..
 can’t depend on x; it has to depend on  and nothing else.

Correct proof:
Given any  > 0, if we take  = min(1, /19), then every x satisfying 0 < |x – 2| <  satisfies |x3 – 8| = |(x–2)(x2+2x+4)| = |x–2| |x2+2x+4| < |x–2| 19 < 19 = .

(d) limx [[x]] = 3, where [[x]] denotes the greatest integer less than or equal to x.

Given any  > 0, if we take  = 
..?..
0.1, then every x satisfying 0 < |x – | <  satisfies |[[x]] – 3| = |3 – 3| = 0 < .

This last example highlights an asymmetry in the definition of functional limits worth noticing: the constraint involving  says “0 < |x – c| < ” but the constraint involving  says “|f(x) – L| < ”; we do not require 0 < |f(x) – L|.

A remark on notation: Abbott writes things like “(xn)  A” to mean “Every term of the sequence (xn) is an element of A”.  However, technically speaking, this is an abuse of the symbol , which means “is a subset of” and is therefore not appropriate here (since (xn) denotes a sequence, not a set).

Section 4.3: Combinations of Continuous Functions

Main ideas? …
Definition of continuity (Definition 4.3.1)
Characterizations of continuity (Theorem 4.3.2)
Algebraic continuity theorem (Theorem 4.3.4)
Composition theorem (Theorem 4.3.9)

Exercise 4.3.2(a): Supply a proof for Theorem 4.3.9 (the composition theorem) using the , characterization of continuity.

Proof: Because g is continuous at f(c) in B, for every  > 0, there exists an  > 0 such that |g(y) – g(f(c))| <  whenever y satisfies |y – f(c)| < .  Now, because f is continuous at c in A, for this value of , we can find a  > 0 such that |x – c| <  implies that |f(x) – f(c)| < .  Combining the two statements, we see that for  > 0, there exists  > 0 such that |x – c| <  implies |g(f(x)) – g(f(c))| <  (using y = f(x)).  Therefore g  f is continuous at c. 
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Variantof Exercise 4.2.3(2: Show dircely from Defintion
421 thatlm,_ e does notexist.

Proof: Put i) = i (for allx = 0),and note tht i)
forall posiive xand -1 for all negative x. Take €= 1, and
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for some particular L. There must exist 630 such that for
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which is a contradiction. 0

We can use the same approach to solve Exercise

Show that (sequental) limits. if they exist, must be unique.
In other words, assume lim a, = L, and lim a, = Ly, and

prove that L, = L,




