Please remind me to return homeworks and exams at the end of class.

Exam scores:
40 – 49: 1
50 – 59: 2
60 – 69: 4
70 – 79: 2
80 – 89: 3
90 – 99: 3

Today and Monday: 4.3 and 4.4.

Exercise 4.3.2(b): Give another proof for Theorem 4.3.9 (Composition of continuous functions) using the sequential characterization of continuity (from Theorem 4.3.2(iv)).

Proof: Assume (xn)  c (with c  A).  Our goal is to show that g(f(xn))  g(f(c)).  Because f is continuous at c, we know f(xn)  f(c).  Then, because g is continuous at f(c), we know that g(f(xn))  g(f(c)).  Since this is true for all sequences (xn)  c , we have g  f  continuous at c. 

Exercise 4.3.4(a): Show using Definition 4.3.1 that any function f with domain Z will necessarily be continuous at every point in its domain.

Proof: Let  > 0 and fix n  Z.  If we set  = 1, then the point x = n will be the only element of the domain that lies in the V(n) neighborhood.  It follows trivially that f(x)  V(f(n)) for the point x = n, and we may conclude that f  is continuous at n by Theorem 4.3.2(iii). 

Exercise 4.3.4(b): Show in general that if c is an isolated point of A  R, then f : A  R is continuous at c.

Proof: Let  > 0.  If c is an isolated point of A, then there exists a neighborhood V(c) that intersects the set A only at c.  Because x in V(c)  A implies that x = c, we see f(x) = f(c) in V(f(c)).  Thus f(x) is continuous at the isolated point c using the criterion in Theorem 4.3.2(iii). 

Suppose A is an arbitrary nonempty set and c is a point of
A that is not an isolated point.  Does there exist a function 
f : A  R that is discontinuous at c and continuous everywhere else in A?  (Does the answer depend on A?)
..?..
Yes; take f(c) = 1 and f(x) = 0 for all x  c.

Dirichlet’s Function:
		{ 1  if x  Q
g(x)    = 	{
		{ 0  if x  I := R \ Q (not a standard symbol!)

Exercise 4.3.6(a): Referring to the proper theorems, give a formal argument that Dirichlet’s function from Section 4.1 is nowhere-continuous on R.

Proof: First consider an arbitrary r in Q.  Because I is dense in R there exists a sequence (xn)  I with (xn)  r.  Then g(xn) = 0 for all n  N while g(r) = 1.  Since lim g(xn) = 0  g(r) we can use Corollary 4.3.3 to conclude g(x) is not continuous at r  Q.

Now let’s consider an arbitrary i  I.  Because Q is dense in R we can find a sequence (yn)  Q with (yn)  i.  This time g(yn) = 1 for all n  N while g(i) = 0.  Because lim g(yn) = 1  g(i) we can conclude that g is not continuous at i.  

Combining the two results, we can conclude that Dirichlet’s function is nowhere continuous on R. 

Thomae’s Function:
		{ 1/n  if x  Q, with n = min{k  N: kx  Z}
t(x)    = 	{
		{   0   if x  I
(note that t(m/n) = 1/n whenever m/n is a fraction in lowest terms, and whenever n = 1).

Exercise 4.3.6(b): Demonstrate that Thomae’s function is discontinuous at every rational point.

Proof: Consider an arbitrary rational number r  Q and observe that t(r)  0.  Because I is dense, there exists a sequence (xn)  I with (xn)  r.  Then t(xn) = 0 for all n  N while t(r)  0.  Thus lim t(xn)  t(r) and t(x) is not continuous at r. 

Exercise 4.3.6(c): Use the characterization of continuity in Theorem 4.3.2(iii) to show that Thomae’s function is continuous at every irrational point in R.  (Given  > 0, consider the set of points {x  R: t(x)  }.  Argue that all the points in this set are isolated.)

Proof: Consider an arbitrary c  I.  Given  > 0, set T = {x  R : t(x)  }.  If x  T, then x is a rational number of the form x = m/n with m in Z and n in N where n  1/.  The restriction on the size of n implies that the intersection of T with the interval [c – 1, c + 1] is finite.  In a finite set, all points are isolated, so we can pick a neighborhood V(c) around c such that x  V(c) implies x  T.  But if x  T then t(x) < , i.e., t(x)  V(0) = V(t(c)).  By Theorem 4.3.2(iii), we conclude t(x) is continuous at c.

If enough people are present, try again to have the conversation from Monday:

Thoughts about the course thus far (LaTeX in particular)?
How well does my use of class time match up with your needs vis-à-vis learning the material?  Is the level of difficulty of the course appropriate?  What do you think of the homework problems?  The grading?  The exam?  Is the textbook good?


Please remind me to return homerworks and exams at the

endof

Exam scores:
H0-40:1
50-59:2
0694
70-79:2
80-80:3
9-99:3

Today and Monday: 43 and 4.4,

Exercise 43.2(0): Give another proof for Theorem 439
(Composition of continuous functions) using the sequential
characterization of continuity (from Theorem 4.3 2).

Proof: Assume (5, — ¢ (with ¢ A). Our goal is 1o show
that g((x)) — ). Becaus fis continuous at c,we.
Know fix) = fc). Then, because g i continious atfc)
we know that g0 > g(fe). Since this s tre for all

Sequences (1) = ¢ . we have ¢ * continuous at ¢,




