For Wednesday, read section 4.5 (skipping the subsection on “Preservation of Connected Sets”)

Section 4.4: Continuous Functions on Compact Sets

Main ideas? ..?..
Preservation of compact sets
Extreme value theorem
Concept of uniform continuity
Every continuous function with compact domain is uniformly continuous

Exercise 4.4.3: The Extreme Value Theorem (Theorem 4.4.3) says:

If f : K  R is continuous on a compact set K  R, then f attains a maximum and minimum value.  In other words, there exist x0, x1  K such that f(x0)  f(x)  f(x1) for all x  K.

Use Exercise 3.3.1 to prove this.

Proof: Because compactness is preserved by continuous functions, the set f(K) is compact.  By Exercise 3.3.1, y1 := sup f(K) exists and y1  f(K).  Because y1  f(K), there must exist (at least one point) x1  K satisfying f(x1) = y1, and it follows immediately from the definition of the supremum that f(x)  f(x1) for all x  K.  A similar argument using the infimum yields x0. 

Exercise 4.4.5: The Criterion for Nonuniform Continuity, i.e. the criterion for failure of uniform continuity (Theorem 4.4.6) says:

A function f : A  R fails to be uniformly continuous on A if and only if there exist a particular 0 > 0 and two sequences (xn) and (yn) in A satisfying
	|xn – yn|  0     but     |f(xn) – f(yn)|  0.

Provide a complete proof for this theorem by taking the logical negation of the definition of uniform continuity, and considering the particular values n = 1/n. 

Proof: A function f : A  R is uniformly continuous iff
( > 0) (  > 0)( x, y  A) |x – y| <   |f(x) – f(y)| < ,
so f fails to be uniformly continuous iff
(  > 0)(  > 0)( x, y  A) |x – y| <  but |f(x) – f(y)|  ;
that is, there exists 0 > 0 such that for all  > 0 we can find two points x,y satisfying |x – y| <  but |f(x) – f(y)|  0.

In particular, if we were to try  = 1/n where n  N, we would be able to find points xn and yn with |xn – yn| < 1/n but where |f(xn) – f(yn)|  0.  The sequences (xn) and (yn) are precisely the ones described. 

This proves one direction; to prove the other, simply note that for all  > 0, there exists n in N with 1/n < . 

Problem 4.4.8(a): Assume that f : [0,)  R is continuous at every point in its domain.  Show that if there exists b > 0 such that f is uniformly continuous on the set [b,), then f is uniformly continuous on [0,).

Proof: We are given that f is uniformly continuous on [b,).  The set [0,b] is compact, and so by Theorem 4.4.8,
f is also uniformly continuous on [0,b].

Let  > 0 be arbitrary.  Because f is uniformly continuous on [0,b], there exists 1 > 0 such that |f(x) – f(y)| < /2 whenever x,y in [0,b] with |x – y| < 1.  Likewise there exists 2 > 0 such that |f(x) – f(y)| < /2 whenever x,y in 
[b, ) with |x – y| < 2.

Now set  = min{1, 2} and assume we have x,y in [0, ) satisfying |x – y| < .  If both x and y fall in [0,b] or if they both fall in [b,) then we get |f(x) – f(y)| < /2 < .  In the case where x < b and y > b then |x – b| <  and |y – b| <  so we may write
|f(x) – f(y)|  |f(x) – f(b)| + |f(b) – f(y)| < /2 + /2 = 
(and likewise if x > b and y < b).  Because 1 and 2 are both independent of x and y,  is as well and we conclude that f is uniformly continuous on [0, ). 

Problem 4.4.8(b): Prove that f(x) = sqrt(x) is uniformly continuous on [0,).

Proof: Focus first on [1,).  If x,y  1, it follows that
|sqrt(x) – sqrt(y)| = |x – y| / |sqrt(x) + sqrt(y)|  |x – y|/2.
So, given  > 0 we can choose  = 2, and it follows that f(x) = sqrt(x) is continuous on [1,).  By the observation in part (a), we get that f is uniformly continuous on [0,). 

Problem 4.4.11 (Topological Characterization of Continuity): Let g be defined on all of R.  If A is a subset of R, define the set g–1(A) (the “pre-image of A” under the map g) by
g–1(A) = {x  R: g(x)  A}
Show that g is continuous if and only if g–1(O) is open whenever O  R is an open set.

() Assume g is continuous on R and let O  R be open.  We want to prove that g–1(O) is open.  To do this, we fix c  g–1(O)  and show that there is a -neighborhood of c satisfying V(c)  g–1(O).

Because c  g–1(O),we know g(c) in O.  Now O is open, so there exists an  > 0 such that V(g(c))  O.  Given this particular , the continuity of g at c allows us to assert that there exists a neighborhood V(c) with the property that x  V(c) implies g(x)  V(g(c))  O.  But this implies V(c)  g–1(O), which proves that g–1(O) is open.

() We’ll prove the converse next time.
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