For Friday, skim section 4.7

Section 4.4: Continuous Functions on Compact Sets (concluded)

Problem 4.4.11 (Topological Characterization of Continuity): Let g be defined on all of R.  If A is a subset of R, define the set g–1(A) (the “pre-image of A” under the map g) by

g–1(A) = {x ( R: g(x) ( A}

Show that g is continuous if and only if g–1(O) is open whenever O ( R is an open set.

(() We proved this direction last time.

(() Conversely, we assume g–1(O) is open whenever O is open, and show that g is continuous at an arbitrary point c in R.

Let ( > 0, and set O = V((g(c)).  The set O is open, so our hypothesis gives us that g–1(O) is open.  Because c ( g–1(O), there exists a ( > 0 with V((c) ( g–1(O).  But this means that whenever x ( V((c)  we get g(x) ( O = V((g(c)), and we conclude that g is continuous at c by the criterion in Theorem 4.3.2(iii). (
More generally, given a set A ( R and a subset O ( A, we say that O is open relative to A iff for every x in O, there exists ( > 0 such that V((x) ( A ( O.  (E.g., [0,1) is not an open set, but it is open relative to [0,1].)  Then it can be shown, using essentially the same proof as the one that appears above, that a function g: A ( R is continuous if and only if the preimage of every open set in R is open relative to A.

Problem 4.4.12: Theorem 4.4.8 says:

A function that is continuous on a compact set K is uniformly continuous on K.

Construct an alternate proof of this theorem using the open cover characterization of compactness from Theorem 3.3.8(iii) (Any open cover for K has a finite subcover).

Let ( > 0.  Then for each x in K, the continuity of f  tells us that there exists a ((x) > 0 (depending on x) with the property that

|y – x| < ((x)     implies     |f(y) – f(x)| < (/2.

Now consider the open cover of K consisting of neighborhoods of the form

{V((x)/2 : x ( K}.

Because K is compact, there exists a finite subcover corresponding to a finite set of points {x1, x2, …, xn} in K.  That is,

K ( V((x1)/2 (x1) ( V((x2)/2 (x2) ( … ( V((xn)/2 (xn)

(where I write x1 = x1, etc., in subscripts).  Because we have a finite cover, we may now let


( = min{((x1)/2, ((x2)/2, …, ((xn)/2},

and be confident that ( > 0.

Now assume |x – y| < ( for arbitrary x,y in K.  Because we have a cover for K, there must exist xi for some 0 ( i ( n with x in V((xi)/2, that is, with |xi – x| < ((xi)/2 < ((xi).  It follows that |f(x) – f(xi)| < (/2.  Also,


|y – xi| ( |y – x| + |x – xi| < ( + ((xi)/2 ( ((xi),

and so we get |f(y) – f(xi)| < (/2 as well.  Finally,


|f(x) – f(y)| ( |f(x) – f(xi)| + |f(xi) – f(y)|




    < (/2 + (/2 = (.

Because ( is chosen independently of x and y, this shows f is uniformly continuous on K. (
Section 4.5: The Intermediate Value Theorem (“IVT”)

Theorem 4.5.1 (Intermediate Value Theorem): If f: [a,b] ( R is continuous, and if L is a real number satisfying f(a) < L < f(b) or f(a) > L > f(b), then there exists a point c ( (a,b) where f(c) = L.

(It’s crucial that the function is defined on the whole interval [a,b]; if even a single point is missing, the claim can fail.  E.g., consider the function f(x) = x2 on the punctured interval A = [1,2) union (2,3].  Let a = 1, b = 3, and L = 4.  We have f(a) = 1 < 4 < 9 = f(b), but there exists no c in A with f(c) = 1.)

For purposes of proof, we will make the simplifying assumption that f(a) < L < f(b), since the other case is similar.  We’ll also specialize to L = 0, since that doesn’t affect the idea of the proof.  And we’ll assume f is undefined on R \ [a,b].

I’ll show you how to derive the IVT from the Cut Axiom, the Least Upper Bound Property, and the Nested Interval Property.

Recall that the Cut Axiom says:

If A, B are two non-empty sets of real numbers such that every real number belongs to exactly one of the two sets, and every number in A is less than every number in B, then there exists c such that all x < c are in A and all x > c are in B.

1st Proof of IVT: Let

Proof: Let 

A = {r in R: f(x) is undefined or negative for all x ( r} and B = R \ A 

    = {r in R: f(x) is positive or zero for at least one x ( r} (draw picture).

We have a in A and b in B, so A and B are non-empty.

Clearly every real number is in A or B but not both.

Check that every element of A is less than every element of B: if a ( A and a( < a then a( ( A.

Hence, by the Cut Principle, there exists a number c such that every x < c is in A and every x > c is in B.

Since a ( A and b ( B, we must have a ( c ( b.

If we can prove that f(c) = 0, we’ll be done.  

We’ll show that both f(c) > 0 and f(c) < 0 lead to contradiction.

Suppose f(c) > 0.  In this case we have c > a.

The continuity of  f  tells us that there must exist ( > 0 with c–(  > a such that f(x) is positive for all x in (c–(, c+() (this is homework problem B for this week).  

This implies that c–(/2 belongs to B.

But …

..?..

this contradicts the fact that x belongs to A for all x < c.

Suppose f(c) < 0.  In this case we have c < b.

The continuity of  f  tells us that there must exist ( > 0 with c+( < b such that f(x) is negative for all x in (c–(, c+() (same reasoning as before).

Since c–( < c, c–( belongs to A.

Hence f(x) takes on only negative values for x ( c–(.

Also f(x) takes on only negative values for c–( < x < c+(, as argued above.

Hence f(x) takes on only negative values for x < c+(.

Hence f(x) takes on only negative values for x ( c+(/2.

This implies that c+(/2 belongs to A.

But …

..?..

this contradicts the fact that x belongs to B for all x > c.

Hence f(c) = 0. (






