Section 4.5: The Intermediate Value Theorem (“IVT”)

Theorem 4.5.1 (Intermediate Value Theorem): If f: [a,b]  R is continuous, and if L is a real number satisfying f(a) < L < f(b) or f(a) > L > f(b), then there exists a point c  (a,b) where f(c) = L.

For purposes of proof, we will make the simplifying assumption that f(a) < L < f(b), since the other case is similar.  We’ll also specialize to L = 0, since that doesn’t affect the idea of the proof. 

Last time I showed you how to derive the IVT from the Cut Axiom; today I’ll show you how to derive the IVT from the Least Upper Bound Property and from the Nested Interval Property.

2nd Proof of IVT (Exercise 4.5.5): Let K = {x  [a,b]: f(x)  0}.  K is bounded above by b, and a  K so K is not empty.  Thus by the Least Upper Bound Property, c = sup K exists.

Suppose f(c) > 0.  If we set  = f(c), then the continuity of f implies that there exists a  > 0 such that x  V(c) implies f(x)  V(f(c)).  But this implies that f(x) > 0 and thus x  K for all x  V(c).  This means that c –  is a smaller upper bound on K, contradicting the choice of c as the least upper bound of K.

Now suppose f(c) < 0.  This time the continuity of  f  allows us to produce a neighborhood V(c) where x  V(c) implies f(x) < 0.  But this implies that c + /2  K, contradicting the fact that c is an upper bound of K.

It follows that f(c) = 0. 

Thoughts on pedagogical merits of Cut Axiom versus Least Upper Bound Property?

3rd Proof of IVT (Exercise 4.5.6): Let I0 = [a,b] and consider the midpoint z = (a+b)/2.  If f(z)  0, then set [a1,b1] = [a,z], while if f(z) < 0, set [a1,b1] = [z,b].  In either case, the interval I1 = [a1,b1] has the property that  f  is negative at the left endpoint and nonnegative at the right.  Repeating this construction, with I1 taking the role of I0, we get another such interval I2 half as long as I1.  Continuing ad infinitum, we get a nested sequence of intervals In = [an,bn] where f(an) < 0 and f(bn)  0 for all n  N. 

By the Nested Interval Property, there must exist a point c  nN In.  The fact that the lengths of the intervals converge to zero implies that the two sequences (an) and (bn) each converge to c.

Because f is continuous at c, we get f(c) = lim f(an) where f(an) < 0 for all n.  Then the Order Limit Theorem implies f(c)  0.  Because we also have f(c) = lim f(bn) with f(bn)  0, it must be that f(c)  0.  We conclude that f(c) = 0. 

If you’re uncomfortable with “We’ll also specialize to L = 0, since that doesn’t affect the idea of the proof”, you can either go through the proof line by line, replacing 0 by L and checking that the steps still work, or you can use a trick to show that the general case follows from the special case: “Consider the auxiliary function h(x) = f(x) – L.  Since f is continuous, h is continuous.  From the special case just considered we know that h(c) = 0 for some point c in (a,b), and from this it follows that f(c) = L as desired.”

(This trick will play a role in Chapter 5, when we derive the Mean Value Theorem from Rolle’s Theorem, and is useful in other places as well.)

Likewise, if you accept the above proof of the IVT for the case f (a) < L < f(b), you can prove it for the case f (a) > L > f(b) by introducing the auxiliary function ...
..?..
h(x) = – f(x), or ...
..?..
h(x) = f(–x).
(One transformation turns the graph of  f  upside down; the other switches it from left to right.)

Questions on chapter 4?

Read sections 5.1 and 5.2 for Monday.

[Return homework and exams.]
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