Section 5.3: The Mean Value Theorem

Main ideas?
..?..
The Mean Value Theorem (three versions: 
..?..
Rolle’s Theorem, the Mean Value Theorem, and Cauchy’s Generalized Mean Value Theorem)
Two flavors of L’Hospital’s Rules: 
..?..
0/0 and / (actually there are two others not discussed by Abbott: see the end of the lecture)

Exercise 5.3.1: Recall from Exercise 4.4.9 that a function f : A  R is “Lipschitz on A” if there exists an M > 0 such that |(f(x) – f(y))/(x – y)|  M for all x  y  A.  Show that if f is differentiable on a closed interval [a,b] and if f  is continuous on [a,b], then f is Lipschitz on [a,b]. 

Solution: …
..?..
Given x < y in the interval [a,b], the Mean Value Theorem says that there exists a point c  (a,b) for which
(f(x) – f(y))/(x – y) = f (c).  …
..?..
Because f  is continuous on the compact set [a,b], we know that it is bounded.  Thus, there exists M > 0 such that |f (x)|  M for all x  [a,b], and in particular, |f (c)|  M.  Hence |(f(x) – f(y))/(x – y)|  M. 

(Point of style for proof-writing: To make it clearer that M doesn’t depend on x and y, it’d be better to start the proof like this: “Because f  is continuous on the compact set [a,b], we know that it is bounded.  Thus there exists M > 0 such that |f (x)|  M for all x  [a,b].  Now, given x < y in the interval [a,b], the Mean Value Theorem says…”)

Exercise 5.3.4(a): Supply the details for the proof of Cauchy’s Generalized Mean Value Theorem (Theorem 5.3.5):

If f and g are continuous on the closed interval [a,b] and differentiable on the open interval (a,b), then there exists a point c in (a,b) where
[f(b) – f(a)] g(c) = [g(b) – g(a)] f (c).
If g is never zero on (a,b), then the conclusion can be stated as

	f (c) / g(c) = [f(b) – f(a)]/[g(b) – g(a)].

Solution: Let 
h(x) = [f(b) – f(a)] g(x) – [g(b) – g(a)] f(x).
From our many algebraic limit theorems we know that h is continuous on [a,b] and differentiable on (a,b).  We also have h(a) = g(a) f(b) – f(a) g(b) = h(b).  Thus by Rolle’s Theorem there exists c  (a,b) where h(c) = 0.  Because
	h(x) = [f(b) – f(a)] g(x) – [g(b) – g(a)] f (x),
we see that
	[f(b) – f(a)] g(c) – [g(b) – g(a)] f (c) = 0,
and the result follows. 

Exercise 5.3.4(b): Give a graphical interpretation of the Generalized Mean Value Theorem analogous to the one given for the Mean Value Theorem at the beginning of Section 5.3.  (Consider f and g as parametric equations for a curve.)

Solution: Set x = g(t) and y = f(t) and consider the parametric curve in the x,y plane drawn as t ranges over the interval [a,b].  The quantity (f(b) – f(a))/(g(b) – g(a)) corresponds to the slope of the segment joining the endpoints of this curve, while f (c)/g(c) gives the slope of the line tangent to the curve at the point (g(c), f(c)).  In this context, the Generalized Mean Value Theorem says that if g is never zero, then at some point along the parametric curve, the tangent line must be parallel to the segment joining the two endpoints. 

Exercise 5.3.11: Use the Generalized Mean Value Theorem to furnish a proof of the 0/0 case of L’Hospital’s Rule (Theorem 5.3.6):

Assume f and g are continuous functions defined on an interval containing a, and assume that f and g are differentiable on this interval, with the possible exception of the point a.  If f(a) = 0 and g(a) = 0, then
limxa f (x)/g(x) = L   implies   limxa f(x)/g(x) = L.

Solution: Let  > 0.  Because L = limxa f (x)/g(x), we know that there exists a  > 0 such that
	|f (t)/g(t) – L| <     provided    0 < |t – a| < .
(note that in particular g(t)  0 provided 0 < |t – a| < ). 
This  will suffice to prove that limxa f(x)/g(x).  To see why, …
..?..
pick x  V(a) with a < x (the case x < a is similar) and apply the GMVT to f and g on the interval [a,x].  [Draw a picture.]  In this case we get a point c in (a,x) where
	f (c)/g(c) = [f(x) – f(a)]/[g(x) – g(a)] = f(x)/g(x).
Now what?
..?..
Because c must satisfy 0 < |c – a| < , it follows that
	|f(x)/g(x) – L| = |f (c)/g(c) – L| < .
This holds whenever 0 < |x – a| < .  Since  was arbitrary, we are done. 

Exercise 5.3.12: Assume that f and g are as described in Theorem 5.3.6 (L’Hospital’s Rule: 0/0 case), but now add the assumption that f and g are differentiable at a, and f  and g are continuous at a.  Find a short proof for the 0/0 case of L’Hospital’s rule under this stronger hypothesis (and under the hypothesis that g(a)  0).

Solution: …
..?..
For all x  a we can write
	f(x)/g(x) 	= [f(x) – f(a)]/[g(x) – g(a)]
			= ..?..
			= [(f(x) – f(a))/(x – a)]/[(g(x) – g(a))/(x – a)]
Because f and g are differentiable at a, we may use the algebraic limit theorems to conclude
   limxa f(x)/g(x) 
= limxa [(f(x) – f(a))/(x – a)]/[(g(x) – g(a))/(x – a)]
= limxa [(f(x) – f(a))/(x – a)] / limxa [(g(x) – g(a))/(x – a)]
= f (a)/g(a) (here’s where we use g(a)  0),
so
	limxa f(x)/g(x) = f (a)/g(a).
On the other hand, …
..?..
the continuity of f  and g at a implies that f /g is continuous at a, so that
	limxa f (x)/g(x) 
		= limxa f (x) / limxa g(x)
= f (a)/g(a)
= limxa f(x)/g(x) (by the first half)
and we are done. 

Exercise 5.3.13: Review the hypothesis of Theorem 5.3.6 (L’Hospital’s Rule: 0/0 case).  What happens if we do not assume that f(a) = g(a) = 0, but assume only that limxa f(x) = 0 and limxa g(x) = 0?  Assuming we have a proof for Theorem 5.3.6 as it is written, explain how to construct a valid proof under this slightly weaker hypothesis.

Solution: Because f and g are continuous on the interval containing a, …
..?..
we can conclude that f(a) = limxa f(x) = 0 and g(a) = limxa g(x) = 0.  …
..?..
Now we have the same hypothesis as Theorem 5.3.6, and the rest of the proof will be the same. 

Theorems 5.3.6 (the 0/0 case) and 5.3.8 (the / case) remain true if we replace limxa by limx , where our differentiability assumption becomes differentiability on (b,) for some b  R.

For Monday: Read 6.1 and 6.2.
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