Chapter 6: Sequences and Series of Functions

If I’d written this book, instead of having section 6.1 talk about Galton’s work, I would’ve talked about where formulas like
	/4 = 1 – 1/3 + 1/5 – 1/7 + …
“come from” (compare with Exercise 6.6.1):

We know that
(1)		1 + x + x2 + x3 + … = 1 / (1 – x)
whenever |x| < 1 (Example 2.7.5: Geometric Series).  So, replacing x by –x2, we get
(2)		1 – x2 + x4 – x6 + … = 1 / (1 + x2)
whenever |–x2| < 1, i.e. whenever |x| < 1.  From this we obtain (for now, non-rigorously)
(3)		x – x3/3 + x5/5 – x7/7 + … = arctan x
by antidifferentiating.  (Check: If we differentiate the left hand side of (3) term-by-term, we get the left hand side of (2).  Likewise if we differentiate arctan x, we get 1/(1+x2).  So the LHS and RHS of (3) have the same derivative.)  Now substituting x = 1 into (3) we get
(4)		1 – 1/3 + 1/5 – 1/7 + … = arctan 1 = /4.

What’s wrong with this proof?
..?.. [write answers on the board]
1. What does an expression like x – x3/3 + x5/5 – x7/7 + … even mean?
2. How do we know that the rules for differentiating polynomials apply to series like x – x3/3 + x5/5 – x7/7 + …?
3. If two functions have the same derivative, how do we know they’re the same function?
4. How do we know that d/dx (arctan x) is 1 / (1 + x2)?
5. What gives us the right to plug in x = 1 into (3) when the formula (2) that (3) was obtained from holds only for |x| < 1?
6. It’s just weird to prove a fact about numbers like  by considering a fact about functions like tan x.

Let’s take these one by one.

1. For any particular value of x, the infinite series
(*)	x – x3/3 + x5/5 – x7/7 + … 
just means the limit of the numerical sequence
(**)	x, x – x3/3, x – x3/3 + x5/5, x – x3/3 + x5/5 – x7/7, …
whose nth term is the sum of the first n summands in the infinite series.  But if we now think of x as not being a particular value but a variable, then (**) becomes a sequence of functions, and we’re led to ask “What does it mean to say that a sequence of functions fn converges to some function f ?”  It turns out there are many different natural notions of convergence (e.g., pointwise convergence, uniform convergence) that we’ll need to learn about and keep straight.

2. We’ll need to show that the rule “the sum of the derivatives equals the derivative of the sum” holds for infinite sums (i.e. infinite series) of functions, not just finite ones.  This only holds under certain hypotheses, and we’ll need to learn what they are and check that they apply here. 

3. This is the easiest objection to deal with.  
..?..
Corollary 5.3.3 tells us that if two functions have the same derivative, they differ by a constant.  We can determine the value of this constant in our problem by …
..?..
finding the difference between x – x3/3 + x5/5 – x7/7 + … and arctan x at x = 0.

4. The proof given in calculus books like Stewart looks fine at first, but when you dig down, you realize it’s sweeping some details under the rug, such as “How do we know functions like sin x and cos x with their stated properties exist in the first place?”  One also needs to bridge the gap from tan x = sin x / cos x to arctan x via the inverse function theorem, which isn’t always taught (though it is in Stewart).

5. This is the most delicate step to justify (and Abbott doesn’t close the gap, though he acknowledges it).

6. Yeah, math is like that.  Most of the people who end up becoming mathematicians learn to enjoy it.  And a lot of beautiful mathematical infrastructure arises from trying to turn faulty proofs into legitimate ones.

Section 6.2: Uniform convergence of a sequence of functions

Main ideas?
..?..
The concept of pointwise convergence
The concept of uniform convergence
Uniform convergence implies pointwise convergence
Pointwise convergence doesn’t imply uniform convergence
A pointwise limit of continuous functions need not be continuous
A uniform limit of continuous functions must be continuous
Cauchy Criterion for uniform convergence

Let fn (n  N) and f  be functions defined on a set A  R.
(fn) converges to f  pointwise on A iff 
( > 0) (x  A) (N  N) (n  N) |fn(x) – f(x)| < .
 (fn) converges to f  uniformly on A iff 
( > 0) (N  N) (x  A) (n  N) |fn(x) – f(x)| < .
The difference is that now, N is not permitted to depend on x; one value of N must work for every x in A (though this N may depend on ).

Exercise 6.2.1: Let fn(x) = nx/(1+nx2).
(a) Find the pointwise limit of (fn) for all x  (0, ).

Solution: By dividing numerator and denominator by n, we get limn fn(x) = limn nx/(1+nx2) = limn x/(1/n + x2) = 1/x.  Therefore the pointwise limit of fn(x) is f(x) = 1/x.

(b) Is the convergence uniform on (0, )?

Solution: The convergence of (fn(x)) is not uniform on (0,).  To see this, write
	|fn(x) – f(x)| = |nx/(1+nx2) – 1/x| = 1/(x + nx3).
In order to make |fn(x) – f(x)| <  for all n  N, we must choose N so that 1/(x + Nx3) < , i.e., N > (1/ – x)/x3 = 
(1 –  x) / ( x3).  For a fixed  > 0, the expression 
(1 –  x) / ( x3) grows without bound as x tends to zero, and thus there is no way to pick a value of N that will work for every value of x in (0, ).

(c) Is the convergence uniform on (0,1)?

Solution: The convergence is not uniform on (0,1) either.  As seen in (b), the problem arises when x tends to zero and this is equally relevant over the domain (0,1).

(d) Is the convergence uniform on (1, )?

Solution: The convergence is uniform on the interval 
(1, ).  If x > 1 then it follows that
	|fn(x) – f(x)| = 1/(x + nx3) < 1/(1 + n).
Given  > 0, choose N large enough so that 1/(1 + n) <  whenever n  N.  It follows that |fn(x) – f(x)| <  for all n  N and thus (fn)  f uniformly on (1,).
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