[Show plot of function from Exercise 5.3.7]

Section 6.2: Uniform convergence of a sequence of functions

Exercise 6.2.2: Let gn(x) = (nx + sin nx)/(2n).   Find the pointwise limit of (gn) on R.  Is the convergence uniform on [–10,10]?  Is the convergence uniform on all of R?

Solution: To compute the pointwise limit write

limn(( gn(x) = limn(( (x/2 + (1/2n) sin nx) = x/2.

Setting g(x) = x/2, we see that |gn(x) – g(x)| = |(1/2n) sin nx| ( 1/2n.  Given ( > 0, choose N > 1/(2() and observe that this is independent of x.  Then n ( N implies |gn(x) – g(x)| ( 1/2n < ( for all n ( N.  It follows that gn ( g uniformly on R, and thus on any subset of R as well.

Exercise 6.2.3: Consider the sequence of functions hn(x) = x/(1+xn) over the domain [0, ().

(a) Find the pointwise limit of (hn) on [0, ().

The pointwise limit of (hn) on [0,() is

{ x
if 0 ( x < 1,

h(x) = limn(( x/(1+xn) = 
{1/2
if x = 1,






{ 0
if x > 1.

(b) Explain how we know that the convergence cannot be uniform on [0, ().

Theorem 6.2.6 tells us that if the convergence were uniform then h(x) would be continuous.  However, h(x) is not continuous at x = 1 and so the convergence cannot be uniform on any domain containing this point.  In fact, the convergence is not uniform over any domain that has x = 1 as a limit point.  WHY NOT?

(c) Choose a smaller set over which the convergence is uniform and supply an argument to show that this is indeed the case.

Consider the set [2, ().  If x ( 2 then |hn(x) – h(x)| = |x/(1+xn) – 0| < x/xn ( 1/xn–1(1/2n–1.  Given ( > 0, pick N so that n ( N implies 1/2n–1 < (.  Then |hn(x) – h(x)| < ( for all n ( N, and we conclude that hn ( h uniformly on [2, ().

Cauchy Criterion for Uniform Convergence (Theorem 6.2.5): A sequence of functions (fn) defined on a set A ( R converges uniformly on A if and only if for every ( > 0 there exists an N ( N such that |fn(x) – fm(x)| < ( for all m,n ( N and all x ( A.

Exercise 6.2.6: Using the Cauchy Criterion for convergent sequences of real numbers (Theorem 2.6.4), supply a proof for the Cauchy criterion for uniform convergence (Theorem 6.2.5).

Solution:

(() This is the easier of the two directions.  Let ( > 0 be arbitrary.  Given that (fn) converges uniformly on A, our job is to produce an N such that |fn(x) – fm(x)| < ( for all m,n ( N and x ( A.  Because we are given that (fn) converges uniformly, we may let f(x) = limn(( fn(x).  By the definition of uniform convergence, there exists an N with the property that


|fn(x) – f(x)| < (/2 for all n ( N and x ( A.

Now given m,n ( N, it follows that


|fn(x) – fm(x)| = |fn(x) – f(x) + f(x) – fm(x)|




( |fn(x) – f(x)| + |f(x) – fm(x)|




< (/2 + (/2 = (
for all x ( A.  This completes the proof in the forward direction.

(() In this direction we assume that, given ( > 0, there exists an N such that |fn(x) – fm(x)| < ( for all m,n ( N and x ( A.  Our goal is to prove that fn(x) converges uniformly.

To produce a candidate for the limit, notice that for each x ( A our hypothesis tells us that the sequence (fn(x)) is a Cauchy sequence (of numbers).  Because Cauchy sequences converge, it makes sense to define the limit function f(x) := limn(( fn(x), so that fn(x) ( f(x) pointwise in A.

Let ( > 0.  Using our hypothesis again (in its full strength this time), we know that there exists an N such that


– (/2 < fn(x) – fm(x) < (/2   for all m,n ( N and x ( A.

The Algebraic Limit Theorem says that


limm(( (fn(x) – fm(x)) = fn(x) – f(x),

and the Order Limit Theorem then implies


– (/2 ( fn(x) – f(x) ( (/2    for all n ( N and x ( A.

Hence


– ( < fn(x) – f(x) < (    for all n ( N and x ( A.

This is sufficient to imply that fn ( f uniformly on A. (
Section 6.3: Uniform convergence and differentiation

Main ideas?

..?..

Two main theorems (Theorem 6.3.1 and 6.3.3) that each assert, in a different way, something along the lines of 

“If fn ( f and fn( ( g then g = f ( ”.

Why don’t we have a theorem that just says something along the lines of “If fn ( f then fn( ( f ( ”?

..?..

Because it’s seriously untrue.  E.g., let fn(x)= (1/n) sin nx and f (x) = 0 .  We have fn ( f  pointwise, and even uniformly on R, but the functions fn((x) = cos nx don’t converge to anything at all, even pointwise.
It’s also not the case that “If fn( ( f ( then fn ( f ”, but as we’ll see, in a sense it’s almost true (that’s one way to interpret Theorem 6.3.3).

What’s an example showing that fn( ( f ( doesn’t imply 

fn ( f ?

..?..

E.g., let fn and f all be constant functions.  Then fn( ( f ( holds uniformly (for trivial reasons), but fn ( f need not hold; indeed, if fn(x) = n then the functions fn don’t converge to anything at all, even pointwise.

Theorem 6.3.1: Let fn ( f  pointwise on the closed interval [a,b] and assume that each fn is differentiable.  If (fn() converges uniformly on [a,b] to a function g, then the function f is differentiable and f ( = g.

Questions about the proofs of this theorem?

Theorem 6.3.2: Let (fn) be a sequence of differentiable functions defined on [a,b], and assume (fn() converges uniformly on [a,b].  If there exists a point x0 ( [a,b] for which fn(x0) is convergent, then (fn) converges uniformly on [a,b].

Exercise 6.3.5: Prove Theorem 6.3.2 (with the hint that Abbott provides).

We’ll do this next time.







