Questions on anything preceding section 6.3?

Section 6.3: Uniform convergence and differentiation

Theorem 6.3.1: Let fn ( f  pointwise on the closed interval [a,b] and assume that each fn is differentiable.  If (fn() converges uniformly on [a,b] to a function g, then the function f is differentiable and f ( = g.

Theorem 6.3.2: Let (fn) be a sequence of differentiable functions defined on [a,b], and assume (fn() converges uniformly on [a,b].  If there exists a point x0 ( [a,b] for which fn(x0) is convergent, then (fn) converges uniformly on [a,b].

Exercise 6.3.5: Prove Theorem 6.3.2 (with a hint that Abbott provides).

Solution: Let x in [a,b] and assume, without loss of generality, that x > x0.  Applying the Mean Value Theorem to the function fn – fm on the interval [x0, x], we get that there exists a point ( such that

(fn(x) – fm(x)) – (fn(x0) – fm(x0)) = (fn((() – fm((()) (x – x0)

( (fn((() – fm((()) (b – a).

Let ( > 0.  Because (fn() converges uniformly, the Cauchy Criterion asserts that there exists an N1 such that

|fn((c) – fm((c)| < ( / 2(b–a)  for all n,m ( N1 and c ( [a,b].

Our hypothesis states that (fn(x0)) converges so there exists an N2 such that

|fn(x0) – fm(x0)| < ( / 2    for all n,m ( N2.

Finally, let N = max{N1, N2}.  Then if n,m ( N it follows that

|fn(x) – fm(x)| ( |(fn(x) – fm(x)) – (fn(x0) – fm(x0))| 

+ |fn(x0) – fm(x0)|

    (  |(fn((() – fm((()) (b – a)| + |fn(x0) – fm(x0)|

    < [( / 2(b – a) ] (b – a) + ( / 2

    =  (.

Because our choice of N is independent of the point x, the Cauchy Criterion implies that the sequence (fn) converges uniformly on [a,b].

Combining Theorems 6.3.1 and 6.3.2 yields

Theorem 6.3.3: Let (fn) be a sequence of differentiable functions defined on the closed interval [a,b], and assume 

(fn() converges uniformly to a function g on [a,b].  If there exists a point x0 ( [a,b] for which fn(x0) is convergent, then (fn) converges uniformly.  Moreover, the limit function f := lim fn is differentiable and satisfies f ( = g.

Section 6.4: Series of functions

Main ideas?

..?..

Definition of pointwise convergence and uniform convergence of series of functions

Cauchy Criterion for uniform convergence of series

Weierstrass M-test

Exercise 6.4.1: Prove that if (n(N gn converges uniformly, then (gn) converges uniformly to zero.

Solution: Let ( > 0.  By Theorem 6.4.4 (Cauchy Criterion for uniform convergence of series), there exists an N such that |gm+1(x) + … + gn(x)| < ( whenever n > m ( N.  Because this holds for all m ( N, we can set m = n – 1 to get that |gn(x)| < ( whenever n > N.  This proves gn ( 0 uniformly.

Alternate proof: Say (n(N gn converges uniformly to the function g.  Then (n(N gn+1 also converges to g, so by a trivial variation of Exercise 6.2.11 (with subtraction replacing addition), we get (n(N (gn+1– gn) converges uniformly to g – g = 0.

Exercise 6.4.2: Prove the Weierstrass M-Test (Corollary 6.4.5).  For each n ( N, let fn be a function defined on a set A ( R, and let Mn > 0 be a real number satisfying

|fn(x)| ( Mn
for all x ( A.  If (n(N Mn converges, then (n(N fn converges uniformly on A.

(That is: If we’re adding a bunch of functions fn, and they’re all bounded, then we take a bound Mn on the function fn, and if we’re lucky, the numbers Mn are summable, in which case we can apply the Weierstrass M-Test and conclude that the functions fn are uniformly summable.)

Solution: The key idea is to use the Cauchy criterion for convergence of a series of real numbers given in Theorem 2.7.2.  Let ( > 0 be arbitrary.  Because (n(N Mn converges, there exists an N such that n > m ( N implies


Mm+1 + Mm+2 + … + Mn = |Mm+1 + Mm+2 + … + Mn| < (.

Because


|fm+1(x) + fm+2(x) + … + fn(x)| 

( |fm+1(x)| + |fm+2(x)| + … + |fn(x)|

( Mm+1 + Mm+2 + … + Mn
< (,

we can appeal to the Cauchy criterion for uniform convergence of series (Theorem 6.4.4) to conclude that sum (n(N fn converges uniformly.

Next week: Sections 6.5 and 6.6.







