Questions on anything preceding section 6.5?

Section 6.5: Power series

Main ideas?
..?..
Radius of convergence
Uniform convergence of power series on compact subsets of the domain of convergence (Theorem 6.5.5)
Differentiability of power series on the interior of the domain of convergence (Theorem 6.5.6)

The set of values of x for which the power series nN anxn
converges is one of the following:
(–,)				(example: nN xn/n!)
[–R,R] for some R > 0	(example: nN xn/n2)
[–R,R) for some R > 0	(example: nN xn/n)
(–R,R] for some R > 0	(example: nN (–1)nxn/n)
(–R,R) for some R > 0	(example: nN xn)
{0}					(example: nN n!xn)
In the middle four cases, we call R the radius of convergence of the power series.  (In the first of the six cases, we say the radius of convergence is infinity; in the last case, we say the radius of convergence is zero.)


Theorem 6.5.2: If a power series nN anxn converges absolutely at a point x0, then it converges uniformly on the closed interval [–c,c], where c = |x0|.

Proof (Exercise 6.5.5): Set Mn = …
..?..
|anx0n| and note that absolute convergence at x0 implies that
nN |anx0n| = nN Mn converges.  If x  [–c,c] then we get |x|  |x0|, so |anxn|  |anx0n| = Mn and the Weierstrass M-Test implies that nN anxn converges uniformly on [–c,c]. 

Theorem 6.5.4 (Abel’s Theorem): Let g(x) = nN anxn be a power series that converges at the point x = R > 0.  Then the series converges uniformly on the interval [0,R].  A similar result holds if the series converges at x = –R: we get uniform convergence on [–R,0].
 
[Discuss the fact that Abbott’s proof of Abel’s Theorem has a less-than-or-equal-to sign instead of a less than sign.]

Theorem 6.5.5: If a power series g(x) = nN anxn converges pointwise on the set A  R, then it converges uniformly on any compact subset K  A.

Proof (Exercise 6.5.6): nN anxn converges pointwise on K.  Since K is compact, there exist x0, x1 in K satisfying
	x0  x  x1    for all x in K.
Case 1: If x0 > 0 then K  [0, x1] and Theorem 6.5.1 implies pointwise convergence on [0, x1].  Then Abel’s Theorem  implies that the convergence is uniform on [0, x1], and hence uniform over the set K  [0, x1].
Case 2: If x1 < 0 then K  [x0, 0] and we can make a similar argument along the same lines.
Case 3: If x0  0  x1 then Theorem 6.5.1 and Abel’s Theorem imply that the series converges uniformly over each of the intervals [x0, 0] and [0, x1].  By Exercise 6.2.8(d), this implies uniform convergence on the set
[x0, 0]  [0, x1] = [x0, x1], which implies uniform convergence on K  [x0, x1]. 

Theorem 6.5.6: If n0 anxn converges for all x  (–R,R), then the differentiated series n1 nanxn–1 converges at each x  (–R,R) as well.  Consequently, the convergence is uniform on compact sets contained in (–R,R). 

Proof (Exercise 6.5.7):

(a) The Ratio Test (from Exercise 2.7.9) states that if (bn) is a sequence of nonzero terms satisfying lim |bn+1/bn| = r < 1, then the series  bn converges.  Use this to argue that if s satisfies 0 < s < 1, then nsn–1 is bounded for all n  1.

Applying the Ratio Test to the sequence an = nsn–1, we find
limn |an+1/an| = limn |(nsn + sn)/nsn–1| = limn |s + s/n| = s.  Because 0 < s < 1, the series  an converges by the Ratio Test.  Therefore, the sequence (nsn–1) converges to zero and thus is bounded. 

(b) Given an arbitrary x  (–R,R), pick t to satisfy |x| < t < R.  Use the observation
	|nanxn–1| = (1/t) (n |xn–1/tn–1|) |antn|
to construct a proof for Theorem 6.5.6.

We will show that  |nanxn–1| converges, implying that 
 nanxn–1 converges.  First write
nN |nanxn–1 | = nN (1/t) (n |x/t|n–1) |antn|.
Because |x/t| < 1, by part (a) we can pick a bound L with 
	n |x/t|n–1  L    for all n  N.
Now we have
	nN |nanxn–1| = nN (1/t) (n |x/t|n–1) |antn|
 (L/t) nN |antn|
where the last sum converges because t  (–R,R) by Theorem 6.5.1. Therefore nN nanxn–1 converges absolutely and thus converges. 
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