Section 6.5: Power series

Show that 1 + x + x2 + x3 + … does not converge uniformly on (–1,1).

Suppose otherwise.  Take  = 1/2, and apply the Cauchy Criterion to assert that there exists N such that for all 
m > n  N, |xm+1 + xm+2 + … + xn| < 1/2 for all x in (–1,1).  In particular, |xm+1 + xm+2| < 1/2 for all x in (–1,1).  But you can find x in (–1,1) for which xm+1 + xm+2 is as close to 2 as you like.  Contradiction!

[Added after class:] Better yet, apply the result of Exercise 6.4.1.  If 1 + x + x2 + x3 + … converges uniformly on (–1,1) then the sequence (xn) converges to 0 uniformly on (–1,1).  That is, for all  > 0, there exists N in N such that |xn| <  for all n  N and all x in (–1,1).  But this is clearly false; e.g., take x = 1/N.

Theorem 6.5.7: Assume 
g(x) = n0 anxn
converges on an interval A  R.  Then the function g is continuous on A and differentiable on any open interval 
(–R,R)  A.  The derivative is given by
	g(x) =  n1 nanxn–1.
Moreover, g is infinitely differentiable on (–R,R), and the successive derivatives can be obtained via term-by-term differentiation of the appropriate series.

Proof: The details for why g is continuous are requested in the exercises (see Exercise 6.5.4).  Theorem 6.5.6 justifies the application of Theorem 6.4.3, which verifies the formula for g.

Exercise 6.5.1: Consider the function g defined by
	g(x) = x – x2/2 + x3/3 – x4/4 + x5/5 – …
(a) Is g defined on (–1,1)?  
..?..
Yes.  We know it converges at x = 1, because 1 – 1/2 + 1/3 – 1/4 + 1/5 – … passes the alternating series test; hence 
R  1, and the series converges on (–R,R)  (–1,1).
Is g continuous on this set?
..?..
Yes, by the second sentence of  Theorem 6.5.7. 
Is g defined on (–1,1]?
..?..
Yes, because it’s defined on (–1,1) and defined at 1.
Is g continuous on (–1,1]?
..?..
Yes, by Abel’s Theorem.  (More specifically: Abel’s Theorem tells us that the series converges uniformly on the interval [0,1], and since the summands and partial sums are all continuous functions, Theorem 6.2.6 tells us that g(x) is continuous on [0,1].  Since we already showed that g(x) is continuous on (–1,1), we see that g(x) is continuous on all of (–1,1].
What happens on [–1,1]?
..?..
The series converges on (–1,1] but diverges at –1.
Can the power series for g(x) possibly converge for any other points |x| > 1?  Explain.
..?..
By Theorem 6.5.1, the series cannot converge for any 
|x| > 1.

For another approach to part (a) (suggested in class by Corey) that uses (b) to partially solve (a), see below.

(b) For what values of x is g(x) defined?  
..?..
Theorem 6.5.7 implies that g is differentiable on (–1,1) with
	g(x) = 1 – x + x2 – x3 + …
for all x in (–1,1) (or we could simply recall our theorem about geometric series).  Since g is undefined at –1, it’s immediate that g is undefined at –1 as well.
(It turns out that g is defined at +1, but I don’t see how to prove this using only the tools presented in chapter 6.)
Note that our formula for g(x) no longer converges when 
x = 1.
Find a formula for g.
..?..
The function g(x) agrees the function 1/(1+x) with on 
(–1,1].

Corey’s idea: Apply Theorem 6.3.3 to the results of part (b) to get results for part (a), with fn(x) = x – x2/2 + …  xn/n.  
Since the infinite series x – x2 + x3 – … converges if and only if |x| < 1, we know that the radius of convergence for the power series x – x2 + x3 – … is exactly 1.  Hence by Theorem 6.5.5, for every closed interval [–c,c] with 0 < c < 1, the functions fn(x) converge uniformly on [–c,c] to a function h(x).  Note also that the functions fn(x) are all differentiable on [–c,c], and that [–c,c] contains a point x0 (namely 0) such that fn(x0) converges.  Therefore Theorem 6.3.3 applies, and tells us that (fn) converges uniformly on [–c,c] to some function f(x).  Moreover, once we take note of the fact that h(x) = 1/(1+x) for all x in [–c,c], we can draw the conclusion that f(x) = 1/(1+x) for all x in [–c,c].  Lastly, letting c vary freely in (0,1), we see that the power series x – x2/2 + x3/3 – x4/4 + x5/5 – … converges pointwise on 0<c<1 [–c,c] = (–1,1) to a function f(x) that satisfies f (x) = 1/(1+x) for all x in (–1,1).  In fact this function f(x) is just ln (1+x), but we don’t have the tools to prove that yet; in fact, we haven’t even constructed the natural logarithm function yet!  Though, on second thought, in a sense our analysis of problem 6.5.1 constructs the function ln(1+x) for values of x in (–1,1), via power series methods.)

Exercise 6.5.4:

(a) By referencing the proper theorems, produce a detailed argument that a power series that converges on the interval (–R,R) necessarily represents a continuous function at each point x  (–R,R).

..?..
Let x  (–R,R) be arbitrary.  We want to prove that the power series is continuous at x.  To do this, choose c > 0 satisfying 0  |x| < c < R, and consider the compact set 
[–c,c] contained in (–R,R).  Absolute convergence of the series at x = c implies that we get uniform convergence over the interval [–c,c].  Because the summands in a power series are continuous, we may conclude that the series represents a continuous function on [–c,c], and hence is continuous at x. 

(b) If the series converges at an endpoint x = R, point out how we know continuity extends to the set [0,R].

The content of Abel’s Theorem is that convergence at an endoint x = R implies uniform convergence over the interval [0,R].  Once we have established uniform convergence, continuity follows (once again) from Theorem 6.4.2 and the observation that the summands are all continuous. 

For next time: Read 7.1 and 7.2.
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