Please remind me to return homeworks to you at the end of class today!

Section 7.2: Integration

Main ideas? …
..?..
Definition of Riemann integrability
Partitions of an interval
Lower and upper sums
Refinement of one interval by another
Lower and upper integrals
Criterion for Riemann integrability (Theorem 7.2.8)
A continuous function on an interval is Riemann integrable

For all of today, f will denote a bounded function on an interval [a,b].
A partition of an interval [a,b] is a finite collection of points in [a,b] listed in increasing order, starting from x0 = a and ending with xn = b; we write P = {a = x0 < x1 < x2 < … < xn = b}.
Example: {0 < 1/3 < 1} is a partition of [0,1].
A lower (resp. upper) sum of f with respect to P is given by
L(f,P) = 1kn mk(xk–xk–1) (resp. U(f,P) = 1kn Mk(xk–xk–1)) where mk = inf{f(x): x  [xk–1, xk]} (resp. Mk = sup{f(x): x  [xk–1, xk]}).  

Note that if f is non-negative on [a,b], the area A under the curve {(x, f(x)): a  x  b} (i.e., the area under the curve but over the x-axis) satisfies
	L(f,P)  A  U(f,P)
for all partitions P.
This remains true even if f takes on negative values on [a,b], provided we interpret the area “under” the curve to be negative where the curve dips under the x-axis.

Note that L(f,P)  U(f,P).

For what functions f on the interval [a,b] does there exist a partition P with U(f,P) = L(f,P)? …
..?..
f must be constant on each subinterval [xk–1, xk], so …
..?..
f must be constant on [a,b] (note that the closed intervals overlap on their endpoints!).

Example: If f(x) = x on [0,1] and P = {0 < 1/3 < 1}, then L(f,P) = …
..?..
(0)(1/3 – 0) + (1/3)(1 – 1/3) = 0 + 2/9 = 2/9
and
U(f,P) = …
..?..
(1/3)(1/3 – 0) + (1)(1 – 1/3) = 1/9 + 6/9 = 7/9.
[Draw picture.]

We define the lower (resp. upper) integral of f on [a,b] to be L(f) := sup{L(f,P)} (resp. U(f) := inf{U(f,P)}), where P ranges over all partitions of [a,b].
E.g., for the function f(x) = x on [a,b] = [0,1], the partition P = {0 < 1/3 < 1} has L(f,P) = 2/9 and U(f,P) = 7/9, so we know that L(f) …
..?..
L(f)  2/9, and …
..?..
U(f)  7/9.
If U(f) = L(f), we say f is Riemann integrable on [a,b], and we define ab f = U( f ) = L( f ).
So the partition P = {0 < 1/3 < 1} tells us that if f(x) = x is Riemann integrable on [0,1], the integral lies between 2/9 and 7/9.  (But we still haven’t shown yet that f is Riemann integrable on [0,1].)

But why does this definition make sense?
E.g., how do we know that sup{L(f,P)} and inf{U(f,P)} exist?

A partition Q is a refinement of a partition P if Q contains all of the points of P.  In this case we write P  Q.
Example: The partition Q = {0 < 1/3 < 2/3 < 1} is a refinement of the partition P = {0 < 1/3 < 1}.
L(f,Q) = …
..?..
(0)(1/3 – 0) + (1/3)(2/3 – 1/3) + (2/3)(1 – 2/3) 
= 0/9 + 1/9 + 2/9 = 3/9
and
U(f,Q) = …
..?..
(1/3)(1/3 – 0) + (2/3)(2/3 – 1/3) + (1)(1 – 2/3) 
= 1/9 + 2/9 + 3/9 = 6/9.
[Draw picture.]
Note that 2/9 < 3/9 < 6/9 < 7/9.  More generally,
Lemma 7.2.3: If Q is a refinement of P,
L(f,P)  L(f,Q)  U(f,Q)  U(f,P).
[Draw picture.]

Lemma 7.2.4: If P1 and P2 are any two partitions of [a,b], L(f,P1)  U(f,P2).
Why does this imply that sup{L(f,P)} and inf{U(f,P)} exist? …
..?..
The set {L(f,P)} is non-empty, and is bounded above by ANY element of {U(f,P)}, so by the least upper bound property, sup{L(f,P)} exists.
Likewise …
..?..
The set {U(f,P)} is non-empty, and is bounded below by ANY element of {L(f,P)}, so by the flip side of the least upper bound property, inf{U(f,P)} exists.
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