Section 7.2, concluded:

Exercise 7.2.4(a): Prove that a bounded function f is integrable on [a,b] if and only if there exists a sequence of partitions (Pn)1n satisfying limn [U(f,Pn) – L(f,Pn)] = 0.

Solution: 
() If f is integrable, then with n = …
..?..
1/n, Theorem 7.2.8 implies that there exists a partition
Pn satisfying U(f,Pn) – L(f,Pn) < 1/n.  It follows that
limn [U(f,Pn) – L(f,Pn)] = 0 as desired.
() Conversely, assume there exists a sequence of partitions (Pn) satisfying limn [U(f,Pn) – L(f,Pn)] = 0.  
..?..
Given  > 0, choose PN from this sequence so that
U(f,Pn) – L(f,Pn) <  for all n  N.  Then in particular U(f,PN) – L(f,PN) < , and since  was arbitrary, Theorem 7.2.8 implies f is integrable. 

Section 7.3: 

Main ideas? …
..?..
A few discontinuities don’t ruin integrability (though if there are too many, the function can be non-integrable)

E.g., for any set S  [a,b], define the indicator function of S as 1S with 1S(x) = 1 if x  S and 0 if x  S.  Then:
If S is finite, 1S is integrable on [0,1], with integral 0.
If S = [0,1]  Q, 1S is not integrable on [0,1] (Example 7.3.3).
But:
If S = {1,1/2,1/3,1/4,…}, 1S is integrable on [0,1] (you’ll prove this on the next assignment).
Note that [0,1]  Q and {1,1/2,1/3,1/4,…} are both countably infinite.
Furthermore, if S is the Cantor set, then 1S is integrable with integral 0 (see explanation below).
So it’s not a matter of how many elements S has; it depends on how they’re spread out over [0,1].

(Recall that the Cantor set C was defined as the intersection of the sets C1, C2, …, where Cn is a union of 2n closed intervals, each of the form [(k)/3n, (k+1)/3n].  So if we let P be the partition {0 < 1/3n < 2/3n < … < 1}, we can check that L(1C,P) = 0 while U(1C,P) = (2(2n)–2) (1/3)n.  Since we can make the difference as small as we like by choosing n sufficiently large, 1C is integrable and  1C = 0.)

Exercise 7.3.3: Here is an alternate explanation for why a function f on [a,b] with a finite number of discontinuities is integrable.  Supply the missing details.  Embed each discontinuity in a sufficiently small open interval and let O be the union of these intervals.  Explain why f is uniformly continuous on [a,b]\O, and use this to finish the argument.

Solution: Assume f is not continuous on the finite set {z1, z2, …, zN}.  We will build a partition P in two steps: first handling the “bad” or discontinuous points, and then handling the remainder of the interval [a,b].

Assume f is bounded by M and let  > 0.  Around each zi construct disjoint subintervals small enough so that the sum of the lengths of all N of these subintervals comes to less than /(4M) (for instance, assume each of the N bad subintervals has length less than /(4MN)).  Focusing on just these subintervals we see that
bad subintervals (Mk – mk)xk  bad subintervals 2Mxk 
                                          = 2M (/(4M)) 
                                          = /2.

If O is the union of the open subintervals that surround each zi, then [a,b]\O is a compact set.  Because f is continuous on this set, f is uniformly continuous on this set and so there exists a  > 0 with the property that |f(x)–f(y)| < /(2(b–a)) whenever x,y  [a,b]\O with |x–y| < .

Focussing on the intervals that make up [a,b]\O (the “good points”), we partition these so that all the resulting subintervals have length less than .  We get
good subintervals (Mk – mk)xk < /(2(b–a)) good subintervals xk
   < /(2(b–a)) (b–a) 
   = /2.
Putting these two parts together we see that
U(f,P) – L(f,P) =   good subintervals (Mk – mk)xk
			   + bad subintervals (Mk – mk)xk
			< /2 + /2
			= ,
and by the criterion of Theorem 7.2.8, f is integrable. 

Exercise 7.3.4: Assume f : [a,b]  R is integrable.

(a) Show that if one value of f(x) is changed at some point x in [a,b], then f is still integrable and integrates to the same value as before.

Assume f is integrable so that U(f) = L(f) = [a,b] f.  Now let f0 be the modified function where we have changed the value of f at x0. We want to prove that U(f0) = U(f) and L(f0) = L(f).

Let  > 0 be arbitrary.  To argue that U(f0) = U(f) it suffices to find a partition P for which U(f0,P) < U(f) + .  (Because if we know this for all  > 0, we get U(f0)  U(f).
But the same argument with the roles of f and f0 reversed would give us U(f)  U(f0). Hence U(f0) = U(f).)
Since U(f) = inf{U(f,P)}, we know there exists a partition P where
	U(f,P) < U(f) + /2.
The first step is to let P be a refinement of P with the property that the interval(s) containing x0 have width less than x = /(4D), where D = |f(x0) – f0(x0)|.  Because P  P we know U(f,P)  U(f,P) < U(f) + /2.  Now observe that because f and f0 agree everywhere except at x0,
	|U(f,P) – U(f0, P)| < D(2x) < /2.
(The extra 2 is needed in case the point x0 is an endpoint of an interval in P and is thus contained in 2 subintervals.)  Finally, we see that
	U(f0,P) < U(f,P) + /2  (U(f) + /2) + /2 = U(f) + ,
and we conclude that U(f0)  U(f).  This gives equality, as described above.  The proof that L(f0) = L(f) is similar. 

(b) Show that the observation in (a) holds if a finite number of values of f are changed.

This follows using an induction argument. 

(c) Find an example to show that by altering a countable number of values, f may fail to be integrable.

Dirichlet’s function differs from the zero function in only a countable number of points but is not integrable.
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