Section 7.4: 
Main ideas? …

..?..

Theorem 7.4.1: If c ( (a,b),  ([a,b] f = ([a,c] f + ([c,b] f.
Algebraic and order laws for integration (Theorem 7.4.2)

A uniform limit of integrable functions is integrable, and the integral of the uniform limit is the limit of the integrals (Theorem 7.4.4)

Abbott gives a proof of

(ii)
For k ( R, if f is integrable on [a,b], then the function 

kf is integrable on [a,b] with ([a,b] kf = k ([a,b] f
and claims he’s applying Exercise 1.3.5; can anyone tell me where his proof uses this Exercise? …

..?..

sup{kf(x): x ( [xk–1,xk]} = k sup{f(x): x ( [xk–1,xk]}.

Abbott could have used Exercise 1.3.5 a second time to give an alternative proof (in the case k > 0) as follows:

U(kf) = inf{U(kf,P)}


 = inf{kU(f,P)} (since U(kf,P) = kU(f,P) for all P)

 = k inf{U(f,P)} (by Exercise 1.3.5)


 = k U(f)

and likewise L(kf) = k L(f), so the integrability of f gives

U(kf) = k U(f) = k ([a,b] f = k L(f) = L(kf),

implying that kf is integrable and ([a,b] kf = k ([a,b] f. (
One can adopt either approach in the proof of

(i)
If f and g are integrable on [a,b], then f+g is integrable

on [a,b] with ([a,b] (f+g) = ([a,b] f + ([a,b] g
Here’s the proof I like:

Step 1 (Exercise 7.4.5 part (a)): Show that if P is any partition of [a,b],

(*)
U(f+g,P) ( U(f,P) + U(g,P)

and state the corresponding inequality for lower sums.

Solution: Consider a particular subinterval [xk–1,xk] of P and let

Mk = sup{f(x): x ( [xk–1,xk]}

Mk( = sup{g(x): x ( [xk–1,xk]}

Mk(( = sup{f(x)+g(x): x ( [xk–1,xk]}

Because Mk + Mk( is an upper bound for the set {f(x)+g(x): x ( [xk–1,xk]}, it follows that Mk(( ( Mk + Mk(.  This inequality leads directly to the conclusion (multiply the inequality by xk–xk–1 and sum over k). The inequality for lower sums is …

..?..

L(f+g,P) ( L(f,P) + L(g,P). (
Step 2: Use this to prove Theorem 7.4.2(i).

For any ( > 0, we can find a partition P( with U(f,P() < ( f + (/2 and a partition Q( with U(g,Q() < ( g + (/2.  Then taking R( = P( ( Q( we get 

U(f+g,R()  ( U(f,R() + U(g,R()

( U(f,P() + U(g,Q()

< (( f + (/2) + (( g + (/2)

= (( f + ( g) + (.

So U(f+g) = inf{U(f+g,P)} ( inf{U(f+g,R()} 

= inf{(( f + ( g) + ( : ( > 0)} = ( f + ( g.

Likewise L(f+g) ( ( f + ( g.

So ( f + ( g ( L(f+g) ( U(f+g) ( ( f + ( g, implying that all three are equal.

Hence f + g is integrable with ( (f+g) = ( f + ( g. (
Exercise 7.2.5: Assume that, for each n,  fn is an integrable function on [a,b].  If (fn) ( f uniformly on [a,b], prove that f  is integrable on [a,b].

Proof: We’ll use the criterion in Theorem 7.2.8.  The heart of the proof is the triangle inequality estimate

U(f,P) – L(f,P) = U(f,P) – U(fN,P) + U(fN,P) – L(fN,P)

    + L(fN,P) – L(f,P)

( |U(f,P) – U(fN,P)| + (U(fN,P) – L(fN,P))

    + |L(fN,P) – L(f,P)|.

Let ( > 0 be arbitrary.  Because fn ( f uniformly, we can choose N so that

|fN(x) – f(x)| < (/(3(b–a)) for all x ( [a,b].

Now the function fN is integrable, so there exists a partition P for which U(fN,P) – L(fN,P) < (/3.  Let’s consider a particular subinterval [xk–1,xk] from this partition.  If

Mk = sup{f(x): x ( [xk–1,xk]} and Nk = sup{fN(x): x ( [xk–1,xk]} then our choice of fN guarantees that |Mk – Nk| ( (/(3(b–a)).  From this estimate we can argue that

|U(f,P) – U(fN,P)| = | (1(k(n (Mk – Nk) (xk |



    ( (1(k(n [(/(3(b–a))] (xk



    = (/3.

Similarly we can show

|L(fN,P) – L(f,P)| ( (/3.

Putting this together, we see that using our choices of fN and P in the triangle inequality estimate gives


U(f,P) – L(f,P) < (/3 + (/3 + (/3 = (.

So by Theorem 7.2.8, f is integrable. (
Exercise 7.4.3: Prove that, under the hypotheses of the preceding Exercise, we furthermore have ([a,b] fn ( ([a,b] f.

Proof: The properties of the integral in Theorem 7.4.2 allow us to write

| ([a,b] fn – ([a,b] f | = | ([a,b] (fn – f) | ( ([a,b] | fn – f |.

Let ( > 0 be arbitrary.  Because fn ( f uniformly, there exists an N such that |fn(x) – f(x)| < (/(b–a) for all n ( N and all x ( [a,b].  Thus, for n ( N we see that


| ([a,b] fn – ([a,b] f | (  ([a,b] | fn – f |





   ( ([a,b] ( / (b–a)





   = (,

and the result follows.






