Section 7.5: 

Main ideas? …
..?..
The Fundamental Theorem of the Calculus, which asserts that integration and differentiation are more or less inverse operations of one another.
(But understanding the “more or less” part is important!)
The FTC has two parts: …
..?..
As a first approximation:
(i) If f  is integrable and F = f, then [a,b] f = F(b) – F(a).
(Is the hypothesis that f is integrable required?  More on this later.)
(ii) If g is integrable and G(x) = [a,x] g and g is continuous at c, then G(c) = g(c). 
(Is the hypothesis that g is continuous at c required?  More on this later.)

Compare the above with what Abbott actually writes.

Why did Abbott use f and F in part (i) and g and G in part (ii)? …
..?..
He didn’t want any students reading the proofs to confuse one with the other.  E.g., in (i) we assume F = f, and in (ii) we prove G = g (at least at c).  This could cause confusion.

Questions about the proof of the Fundamental Theorem?

How can we see that in part (ii), we must really require that g be continuous at c if we want to ensure that G is differentiable at c? …
..?..
Take g(x) = 0 for x < 0 and g(x) = 1 for x  0 (the “Heaviside function”).
Then G(x) = …
..?..
G(x) = 0 for x < 0 and G(x) = x for x  0 [sketch it], so 
G(0) is undefined.

How can we see that in part (i), we really require the hypothesis of integrability?
How could a derivative fail to be integrable?
What if the derivative is defined everywhere in [a,b] but is unbounded on [a,b]?  (Recall that under our definition, a function must be bounded on [a,b] if it is to stand a chance of being integrable on [a,b].)
What kind of function would look like this? …
..?..
A variant of our old friend x2 sin 1/x.
Specifically, take f(x) = x2 sin 1/x2.
Then f (0) = ..?..
0, as before, while for x  0,
f (x) = 2x sin 1/x2 + (x2) (cos 1/x2) (–2/x3)
	= 2x sin 1/x2 – (2/x) (cos 1/x2)
which is unbounded on [–1,1] (or any closed neighborhood containing 0).

Later (if time permits) we’ll talk about extending the definition of Riemann integration so that it will permit us to integrate functions like 2x sin 1/x2 – (2/x) (cos 1/x2).

Exercise 7.5.1: We have seen that not every derivative is continuous, but explain how we at least know that every continuous function is a derivative.

Solution: Assume g is continuous on [a,b] and set G(x) = 
[a,x] g(t) dt.  By part (ii) of the FTC, g is the derivative of G.

Exercise 7.5.2(a): Let f(x) = |x| and define F(x) = [–1,x] f.  Find a formula for F(x) for all x.  Where is F continuous?  Where is F differentiable?  Where does F (x) = f(x)?

Solution: …
..?..
F(x) = –x2/2 + 1/2 if x < 0 and F(x) = x2/2 + 1/2 if x  0.  F is continuous and differentiable everywhere with F(x) = f(x) for all x  R.  This follows from the FTC but we can also check it directly from the formula for F, especially at x = 0 where we get F(0) = 0 from both sides.
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