Please remind me to return homeworks at the end of class!

Also, if there are topics you’d like me to review on Monday, please let me know by Saturday night if possible.

Section 7.5: 
Exercise 7.5.2(a): Let f(x) = |x| and define F(x) = ([–1,x] f.  Find a formula for F(x) for all x.  Where is F continuous?  Where is F differentiable?  Where does F((x) = f(x)?

Solution: …

..?..

F(x) = –x2/2 + 1/2 if x < 0 and F(x) = x2/2 + 1/2 if x ( 0.  F is continuous and differentiable everywhere with F((x) = f(x) for all x ( R.  This follows from the FTC but we can also check it directly from the formula for F, especially at x = 0 where we get F((0) = 0 from both sides.

Exercise 7.5.2(b): Repeat part (a) for the function f where f(x) = 1 if x < 0 and f(x) = 2 if x ( 0.

Solution: …

..?..

F(x) = x+1 if x < 0 and F(x) = 2x+1 if x ( 0.  [Sketch it.]  F is continuous on all of R but fails to be differentiable at x=0.  If x ( 0 we get F((x) = f(x) as predicted by the FTC.

Exercise 7.5.3: The hypothesis in Theorem 7.5.1(i) that 

F((x) = f(x) for all x ( [a,b] is slightly stronger than it needs to be.  Carefully read the proof and state exactly what needs to be assumed with regard to the relationship between f and F for the proof to be valid.

Solution: …

..?..

The Mean Value Theorem does not require F(x) to be differentiable at the endpoints so we could get by with assuming that F is continuous on [a,b] and differentiable on (a,b) with F((x) = f(x) for all x in (a,b).

By appealing to Theorem 7.4.1 (([a,b] = ([a,c] + ([c,b]) we could in fact weaken the hypothesis even more to allow F((x) = f(x) to fail at an arbitrary finite number of points.  Exercise 7.5.2(b) gives an example of this; you can check that the integral of f from –1 to +1 equals F(1) – F(–1), even though F isn’t differentiable at 0.  But note that F is continuous throughout [–1,1].

Indeed, differentiability could fail at infinitely many points in R, as long as only finitely many of them lie in any compact interval [a,b] (and as long as F is continuous).  For instance, let f(x) = floor(x) = (x( = the greatest integer n satisfying n ( x, and let F(x) = ([0,x] f .  Fix any interval [a,b].  Then F((x) = f(x) for all non-integer values of x in [a,b], and we have ([a,b] f = F(b) – F(a).
Exercise 7.5.9: Let h(x) = 1 if x < 1 or x > 1 and h(x) = 0 if x = 1, and define H(x) = ([0,x] h.  Show that even though h is not continuous at x = 1, H(x) is still differentiable at x = 1.

Solution: Let g(x) be the constant function 1.  We have 

([0,x] g = x for all x, and since g(x) = h(x) for all 

x(1, and since changing the integrand at one point doesn’t change the value of the integral, we have ([0,x] = x as well; in particular, H(x) = x for all x.  (Any doubts about whether this formula holds when x = 1 should be alleviated by the fact that we know H is continuous on all of R.)  Clearly H(x) is differentiable everywhere, including at 

x=1. 
The point of this exercise is that the statement in part (ii) of the FTC (if g is continuous then G is differentiable) does not have a converse unless we are more specific about the type of discontinuity in g.

Exercise 7.5.4: Let H(x) = ([1,x] (1/t) dt, where we consider only x > 0.

(a) What is H(1)?  Find H((x).

Solution: …

H(1) = 0, and by the FTC, …

H((x) = 1/x for all x > 0.

(b) Show that H is strictly increasing; that is, show that if 

0 < x < y, then H(x) < H(y).

Solution: Given x < y, apply the Mean Value Theorem to H on the interval [x,y] to get H(y) – H(x) = H((t) (y–x) for some t in (x,y).  …

Because H((t) = 1/t > 0, it follows that H(y) > H(x).

(c) Show that H(cx) = H(c) + H(x).  (Think of c as a constant and differentiate g(x) = H(cx).)

Solution: Using the Chain Rule, we see that


g((x) = H((cx) ( c = (1/cx) ( c = 1/x.

Thus g and H have the same derivative and so by Corollary 5.3.4 to the Mean Value Theorem we know we must have g(x) = H(x) + k, or H(cx) = H(x) + k, for some constant k (dependent on c but independent of x).  To determine k, …

set x = 1 to get H(c) = H(1) + k = k, so k = H(c), implying H(cx) = H(x) + H(c) and the result follows.






