Please remind me to return homeworks at the end of class!

Extended Riemann integration

If f is unbounded on [a,b], we may still have a sensible way to define [a,b] f.

Example: 1/sqrt(x) is unbounded on [0,1], but for all  > 0, 1/sqrt(x) is bounded on [,1], and [,1] (1/sqrt(x)) dx = …
2 sqrt(1) – 2 sqrt() (since 2 sqrt(x) is an antiderivative of 1/sqrt(x): (d/dx) 2x1/2 = x–1/2), which equals 2 – 2 sqrt(), which converges to 2 as  goes to 0.  So it makes sense to define [0,1] (1/sqrt(x)) dx = 2.

More generally, if f is not Riemann integrable on [a,b] but f is Riemann integrable on [a+, b] for all 0 <  < b – a, and if [a+,b] f approaches a limit as 0, we define the extended Riemann integral [a,b] f  to be lim0+ [a+,b] f.

Likewise, if f is not Riemann integrable on [a,b] but f is Riemann integrable on [a, b–] for all 0 <  < b – a, and if 
[a, b–] f approaches a limit as 0, we define the extended Riemann integral [a,b] f  to be lim0+ [a, b–] f.

If the extended Riemann integrals [a,b] f and [b,c] f exist, we define [a,c] f = [a,b] f + [b,c] f.  That is, we can talk about the extended Riemann integral of a function that may have several “bad points” on the domain of integration, where the function becomes unbounded.

With this extension of Riemann integration, we can now go back to the pair of functions
	F(t) = t2 sin 1/t2 for t0, and 0 for t=0
and
	f(t) = (d/dt) F(t)
	      = 2t sin 1/t2 – (2/t) (cos 1/t2) for t0, and 0 for t=0
that we talked about last time and bring it under the tent of the FTC.  Specifically, since f(t) is bounded on [,x] for every  > 0 (why? …
because it’s continuous and [,x] is compact), and since we have F(t) = f(t) for all t and in particular on [,x], the FTC applies on [,x] to give [,x] f = F(x) – F(), so [0,x] f = lim0+ (F(x) – F()) = F(x).  So in this case we can write [0,x] f  = F(x) – F(0) just as in the FTC, bearing in mind that now [0,x] f is an example of an extended (or improper) Riemann integral.
	
Note that the extended Riemann integral [a,b] f may be undefined even if f is bounded on [a+,b–] for all 
0 <  < b – a and [a+,b–]  f converges to a limit as   0.  Example: [–/2, /2] tan x dx [draw sketch].  Even though 
[–/2+, /2–] tan x dx = 0 for all 0 <  < /2, the integral is not considered a well-defined extended Riemann integral.  (Note that the improper Riemann integral [0, /2] tan x dx is not well-defined, because the proper Riemann integral 
[0, /2–] tan x dx = ln |sec (/2–)| – ln |sec 0| = 
ln |sec (/2–)| does not approach a limit as   0.)

In a similar way, we define integrals of the form [a, ] f as limb [a, b] f.

Any questions about the course?

[Lead discussion of the course.]
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