For Tuesday: read section 5.1

HOMEWORK

Return assignments #1 and #2

Collect assignment #3

PERMUTATIONS AND COMBINATIONS

Application: page 79, problem 28(a).  Is this a multiset permutation problem or an (ordinary) set combination problem? … Both!

The number of paths the secretary can walk (9 blocks East and 8 blocks North) is equal to:

1. the number of (17-)permutations of the multiset {9(E, 8(N}.

2. the number of 8-combinations of the multiset whose 10 elements are the north-south streets, each with repetition number (.

3. the number of 9-combinations of the multiset whose 9 elements are the east-west streets, each with repetition number (.

4. the number of 8-combinations of the set {1,2,…,17} (which we will sometimes call [17] for short)

5. the number of 9-combinations of the set [17].

Let S be a set with n elements.  Recall that the number of ways of choosing r distinct elements from S is C(n,r).

Claim: the number of ways of choosing r elements from S, with repetition, equals C(n+r-1,r).

Proof: Let x_i denote the number of times the ith element of S got chosen.  Then the selections-with-repetition correspond to solutions to the equation x_1+x_2+...+x_n=r with x_1,...,x_n non-negative integers.  We can represent every such solution by a sequence of r 1’s and n-1 *’s, where x_i equals the number of 1’s between the (i-1)st and ith *’s.  (Example: S = {x,y,z}.  The 7-combination {x,x,y,y,y,z,z} corresponds to the solution-vector (2,3,2), which can be represented by 11*111*11.  In the other direction: 111**1111 <--> (3,0,4) <--> {x,x,x,z,z,z,z}.)

This procedure gives a one-to-one correspondence between 

(1) selections-with-repetition of r elements from S,

(2) r-combinations of elements of S (when S is viewed as a multiset with infinite repetition number),

(3) sequences of |S| non-negative integers summing to r (when S is viewed as an ordinary set), and

(4) permutations of 111...1***...* (r 1’s and n-1 *’s),

of which there are C(n+r-1,r)=C(n+r-1,n-1).

Note that the left hand side of the Claim can be equivalently described as the nmber of r-combinations of a set with n elements, each of which has infinite repetition number (or repetition number ( r).

Also note that the right hand side of the Claim can equivalently be written as C(n+r-1,n-1).

Let S be a set with n elements.  Then the number of ways of choosing r elements from S, with repetition, and with each element occurring at least once, is C(r-1,n-1).

(What does this correspond to for sequences of integers? … Integer sequences in which each integer is strictly positive.)

Proof 1: The ones-and-stars representation of such a selection begins with a 1, and each * in it is followed by a 1.  So ignore the first symbol (1), and think of it as being built out of  Long building blocks (*1) and Short building blocks (1).  How many of these (length 1 and length 2) building blocks get used, in total?  …. r-1.  How many of them are Long?  … n-1.  So the things we are trying to count are in one-to-one correspondence with sequences of length r-1 consisting of L’s and S’s, where there are exactly n-1 L’s.  And we know that the number of these is C(r-1,n-1).
