For Tuesdayday: read section 6.1 (and 6.2 if time permits)

A shortcut for computing an individual row of Pascal’s triangle:

Theorem: C(n,k) = ((n-k+1)/k) C(n,k-1).

Application: n=6: 1,6,15,20,15,6,1.

Proof: This formula can be rewritten as

C(n,k) k = C(n,k-1) (n-k+1).

To prove this, note that both sides count the number of ways to pick k students from a class of size n to form a committee and elect one of the k students to be the leader.  The LHS counts in the straightforward way.  In the RHS, … we first select the k-1 non-leaders, and then select one of the remaining n-(k-1) students to join the committee AND be the leader.

Note that similar reasoning gives


C(n,k) k = n C(n-1,k-1)

which is formula (5.2) in Brualdi.

Special case of binomial theorem: 

(1+x)^n = sum_{k=0}^n {n choose k} x^k

What is the coefficient of x^n in (1+x)^n times (1+x)^n? …

Can we evaluate this coefficient in a different way? …

What identity have we proved?

(Note: A problem on the next homework says what happens to this sum if we alternate signs + and – instead.)

Combinatorial proof: Count paths from (0,0) to (n,n), dividing into cases depending upon where it crosses the diagonal {(x,y):x+y=n}.

Brualdi, exercise 22 (page 155)

Section 5.5: Multinomial theorem

How many distinct terms occur in the expansion of (x+y)^6? … 6+1 = 7.

What is the sum of the coefficients of all the terms? … 2^6 = 64.

What is the coefficient of x^3 y^3? … C(6,3) = 6!/3!3! = 20.

What is the coefficient of x^4 y^2? … C(6,2) = C(6,4) = 6!/4!2! = 15.

How many distinct terms occur in the expansion of (x+y+z)^6? … C(8,2) = 28.  (Explain!)

What is the sum of the coefficients of all the terms? … 3^6 = 729.

What is the coefficient of x^2 y^2 z^2? … C(6;2,2,2) = 6!/2!2!2! = 90.

What is the coefficient of x y^2 z^3? … C(6;1,2,3) = 6!/1!2!3! = 60.

Definition: For a+b+c=n, C(n;a,b,c) = n!/a!b!c!;

for a+b+c+d=n, C(n;a,b,c,d) = n!/a!b!c!d!; etc.

(Note that for a+b=n we could define C(n;a,b) = n!/a!b!, but this is just the ordinary C(n,a) = C(n,b).)

These numbers are called multinomial coefficients.

Multinomial theorem (in the special case of three terms):

Let n be a non-negative integer.  Then

(x+y+z)^n = sum (n \multichoose a,b,c) x^a y^b z^c,

where the summation extends over all non-negative

integers a,b,c with a+b+c=n.

Section 5.6: Newton's binomial theorem

Note that (n \choose 2) = n(n-1)/2, and that this makes sense even when n is not an integer.  More generally, one can define (r \choose k) = r(r-1)...(r-k+1)/r! for any real number r.

Newton’s binomial theorem says that if |x| < 1, then for any real number r,

(1+x)^r = sum_{k=0}_{infinity} C(r,k) x^k.

That is, the infinite sum on the RHS converges to the LHS.

Special case: If r is a positive integer, all the terms on the RHS with k>r vanish, so this reduces to the ordinary binomial theorem.

Example: Put x = -1/2 and r = 1/2.  Then the infinite series on the RHS of Newton’s binomial theorem begins 

C(1/2,0) + C(1/2,1) (-1/2) + C(1/2,2) (-1/2)^2 + ...

= 1 + (1/2)(-1/2) + (-1/8)(1/4) + ...

= 1 – 1/4 – 1/32 ...

which is a little bit less than 3/4.  Meanwhile, the LHS is 

(1-1/2)^(1/2) or 1/sqrt(2), which is about .707, which is a little bit less than 3/4.

