[BRING BLANK WHITE CARDS]

[REVIEW PHOTOS]

Web-page: www.math.wisc.edu/~propp/475/

Office/cafe hours: 

Tuesdays: 10:55-11:55 in my office                      

Tuesdays: 2:45-4:00 at Steep and Brew (544 State St.)

Wednesdays: 1:30-3:30 at Steep and Brew

Thursdays: 10:55-11:55
"Write this down."

“Come to my office hours!”

Go around guessing names.  

Take photos of new students.

Ask the new students to write down:

name (given name and nickname), 

email address,

phone number,

dorm or approximate area of residence,

year,

major,

what math courses you've taken or are currently taking,

interests (academic and non-),.

Ask students if they have a preference for midterm date

(3/7 vs. 3/9); take a show of hands (did anyone notice that the web said one thing and I said another?)

READING

For today: read first two sections of Chapter 2

For Thursday: read first two sections of Chapter 3

HOMEWORK

Due Thursday (see web)

Remind students that I'm strict about deadlines.

On each assignment, you must indicate how many hours you spent on each problem.  This will help me to keep the problem sets from being too hard or too easy. 

Collect info sheets from new students. 

PIGEONHOLE PRINCIPLE

Apply pigeonhole principle to the twenty tickets problems

A collection of numbers between 1 and 20, no two of which differ by 3, can contain at most … 11 numbers.

11 is possible: 1,2,3,7,8,9,13,14,15,19,20

Pigeonholes {1,4},{2,5},{3,6},{7,10},{8,11},{9,12},

{13,16},{14,17},{15,18},{19},{20} show that more than 11 is impossible

Application 6: The Chinese Remainder Theorem 

Can you find a number that leaves a remainder of 1 when you divide it by 4, and a remainder of 3 when you divide it by 5? ... Yes; 13.

Can you find a number that leaves a remainder of 1 when you divide it by 4, and a remainder of 2 when you divide it by 5? ... Yes; 17.

[write on board]

Claim: For any a in {0,1,2,3} and any b in {0,1,2,3,4}, there exists a non-negative integer x such that the remainder when x is divided by 4 is a and the remainder when x is divided by 5 is b. 


Proof: Look at the sequence a,a+4,a+8,a+12,a+16.  All these numbers leave remainder a when divided by 4.  Create 5 pigeonholes, labeled with the numbers 0,1,2,3,4.  Assign the number a,a+4,a+8,a+12,a+16 to the pigeonholes according to the remainder they leave when divided by 5.  [Demonstrate with a=1.]  We have five "pigeonholes" 0,1,2,3,4 and five "pigeons" a,a+4,a+8,a+12,a+16.  We want to show that pigeonhole b contains a pigeon.  (Why?…)  It's enough to show that no two pigeons are in the same pigeonhole.  (Why?...)  Suppose two of the pigeons are in the same pigeonhole; that is, suppose two of the numbers a,a+4,a+8,a+12,a+16 leave the same remainder when divided by 5.  Then the difference between those two numbers must be a multiple of 5.  But that difference is also

a multiple of 4: (a+4i)-(a+4j)=4(i-j).  So the difference must be a multiple of 20.  (Why?…)  But that's impossible: ... the difference is less than 20.

Why are we done? ...

Can we say more about how far we have to look before we find an x that works?  … There must exist an x with the desired properties between 0 and 19.

x=20 leaves the same remainders as x=0 does when you divide them by 4 or by 5.  So, we could also say that there must exist an x with the desired properties between 1 and 20. 

Chinese Remainder Theorem: Let m and n be relatively prime positive integers.  Let a and b be integers such that 0 leq a leq m-1 and 0 leq b leq n-1.  Then there is a positive integer x (in fact, there is an x between 1 and mn) that 

leaves remainder a when it is divided by m and leaves remainder b when it is divided by n.

What I've shown you is Brualdi's proof, specialized to the case where m=4 and n=5.

General learning strategy: If a proof is hard to read, take a special case!  If need be, rewrite the proof using the special case.

Any questions or comments on Brualdi's proof?

Where does the assumption that a and b are relatively prime get used?

What if m and n aren't relatively prime? ... Then the Chinese Remainder Theorem makes no prediction.  Sometimes an x exists; sometimes it doesn't.

Brualdi's proof treats a and b differently.  There's a more symmetrical proof.  I'll illustrate it for the special case m=4, n=5.

Proof II: Create 20 pigeonholes, labelled with the pairs (0,0),(0,1),...,(0,4),(1,0),...,(3,4).  [Draw grid.]  For all integers x between 1 and 20, assign x to the pigeonhole (c,d), where c and d are the remainders when x is divided by 4 and 5 respectively.  E.g., 13 goes into the (1,3) 

pigeonhole and 17 goes into the (1,2) pigeonhole.

We want to show that pigeonhole (a,b) has a number in it.

To show this, it's enough to show that no pigeonhole has more than one number in it.  

Suppose there were two distinct [discuss this word; it means "unequal"] numbers x and y between 1 and 20 that got assigned to the same pigeonhole.  Then x and y would leave the same remainder when divided by 4, so x-y would have to be a multiple of 4.  Likewise, x-y would have to be ... a multiple of 5.  But then x-y would also have to be ...  a multiple of 20.  (Why? ...)  But this is impossible, since x-y is between 1-20 and 20-1.

So we've proved the Chinese Remainder Theorem twice.

Why prove something twice? ...

Why prove the Chinese Remainder Theorem twice? ... When we generalize to problems when there are more than two remainder conditions, the second kind of proof is the one to use.

Application 9: The Erdos-Szekeres Theorem

Suppose that we are given a sequence of 17 real numbers a_1,...,a_17.  Show that it contains an increasing subsequence of length 5 or a decreasing subsequence of length 5.

(Remind them of the definition of a sub-sequence, increasing, decreasing.)

Example: 8 4 12 16 3 11 7 15 17 2 6 10 14 1 5 9 13 contains 16 11 7 6 1.

Brualdi's proof is asymmetrical; here's a more symmetrical proof.

Proof: Suppose otherwise.  For all k between 1 and 17, let {I(k) / D(k)} be the length of the longest {increasing / decreasing} subsequence whose first term is a_k.  I claim that all the pairs (I(k),D(k)) are distinct -- that is, for all i < j, either I(i) ( I(j) or D(i) ( D(j).  For if a_i < a_j then I(i) > I(j), while if a_i > a_j then D(i) > D(j).  Hence all the pairs (I(k),D(k)) are distinct.  If I(k), D(k) lie between 1 and 

4 for all k, then there are only 4x4=16 possible pairs (I(k),D(k)).  But k takes on seventeen values: contradiction!

On Thursday, we’ll finish up Chapter 2 (bring your questions!) and start on Chapter 3.

