Polya theory
Let G be a group of permutations of a finite set S.  

Given two elements s,t in S, let G(s ( t) = “the transporter of s to t” = {g in G: g(s)=t}.

Special case: G(s ( s) = {g in G: g(s) = s} = “the stabilizer of s” = Stab(s).

Example: S = the set of two-colored necklaces with 6 beads, each of which is either red or blue.  G = the group of rotations by multiples of 60 degrees.  We saw in Example 3 that there are 14 distinct necklaces, i.e., 14 orbits in S under the action of G.

If s = the coloring R,B,R,B,R,B,… Stab(s) = … the group of rotations by multiples of 120 degrees.

If s = the coloring R,R,B,R,R,B,…, Stab(s) = … the group of rotations by multiples of 180 degrees.

If s = the coloring R,R,R,B,B,B,…, Stab(s) = … the “trivial group” consisting of just the identity permutation.

If s = the coloring R,R,R,R,R,R,…, Stab(s) = … G.

Orbit-stabilizer theorem: |G| = |Orbit(s)| |Stab(s)|.

(Check that this applies in the previous Example.)

Proof:

Subclaim 1: For all t in Orbit(s), the transporter G(s ( t) has the same size as Stab(s).

Subclaim 2: For all t not in Orbit(s), the transporter G(s ( t) is empty.

Proof of subclaim 1: If t is in Orbit(s), there exists some h in G such that h(s) = t.  Then, for every g in Stab(s), h ( g is in G(s ( t).  Conversely, for every g in G(s ( t),

h^{-1} ( g is in Stab(s).  So we get a pairing between the elements of Stab(s) and the elements of G(s ( t).

Proof of subclaim 2: ... Trivial (you just have to remember the definition of being-in-the-same-orbit).

Application:

Let S_0 = the set of faces of a cube, G = the group of all permutations you can achieve by rotating the cube.

How big is S_0?  |S_0| = … 6.

How big is G? ... |G| = 24.

Use the orbit-stabilizer theorem.  Let s be one of the six faces.  |G| = |Orbit(s)| |Stab(s)| = … (6)(4) = 24.
