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NOTES

EDITED BY DAVID J. HALLENBECK, DENNIS DETURCK, AND ANITA E. SOLOW

The PUoblem of Whe CaliVVonV

GXY DAVID

Ecole Pol\WechniqXe, CenWUe de MaWhbmaWiqXeV, 91128, PalaiVeaX Cede[, FUance

CARLOS TOMEI

DepaUWamenWo de MaWemaWica, PUC/RJ, R. MaUqXeV de Sao VicenWe, 225, Rio de JaneiUo, BUaVil

A caliVVon iV a FUench VZeeW WhaW lookV like WZo eqXilaWeUal WUiangleV meeWing
along an edge. CaliVVonV coXld come in a bo[ Vhaped like a UegXlaU he[agon, and
WheiU packing ZoXld VXggeVW an inWeUeVWing combinaWoUial pUoblem. SXppoVe a bo[
ZiWh Vide of lengWh n iV filled ZiWh VZeeWV of VideV of lengWh 1. The long diagonal of
each caliVVon in Whe bo[ iV paUallel Wo one of WhUee diffeUenW lineV, aV in Whe picWXUe.

FIG. 1

We Zill UefeU Wo WheVe WhUee poVVibiliWieV b\ Va\ing WhaW a caliVVon admiWV WhUee
diVWincW oUienWaWionV. OXU main UeVXlW iV Whe folloZing: in an\ packing, Whe nXmbeU
of caliVVonV ZiWh a giYen oUienWaWion iV one WhiUd of Whe WoWal nXmbeU of caliVVonV in
Whe bo[.

C. FUedeUico PalmeiUa, of PUC-Rio, BUa]il, heaUd of Whe pUoblem fUom Jean
MaUWineW (UniYeUViWe de SWUaVboXUg), and VhoZed iW Wo one of Whe aXWhoUV. We
belieYe WhaW Whe UeVXlW iV knoZn and pUoYen, bXW Ze ZeUe Xnable Wo find an\
UefeUenceV.

The idea of Whe pUoof iV Wo UedXce Whe pUoblem Wo a YeU\ inWXiWiYe facW in WhUee
dimenVionV. We do noW giYe compleWe deWailV of a foUmal pUoof foU WZo UeaVonV.
FiUVW, Ze do noW ZanW Wo Vpoil Whe VimpliciW\ of Whe baVic inWXiWiYe idea. FXUWheUmoUe,
Whe UeVXlW iV an e[ample of a pUoof b\ picWXUe WhaW doeV noW WUanVlaWe immediaWel\
inWo pUeciVe maWhemaWicV. HoZeYeU, once Vome clXeV aUe giYen, Ze Whink iW ZoXld be
a nice e[eUciVe foU an XndeUgUadXaWe claVV Wo fill in Whe deWailV, b\ conYeUWing obYioXV
geomeWUic facWV inWo pUeciVe maWhemaWical VWaWemenWV.

We noZ VkeWch Whe pUoof. DUaZ an aUbiWUaU\ filling of a bo[ b\ caliVVonV, VXch aV
Whe one beloZ (in WhiV caVe, n iV 5).
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FIG. 2

If \oX UoWaWe Whe picWXUe coXnWeUclockZiVe a liWWle biW, iW iV almoVW impoVVible noW
Wo 'Vee' a collecWion of cXbeV oYeU a (VqXaUe) flooU, beWZeen WZo (VqXaUe) ZallV.
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FIG. 3

If \oX ZeUe Wo look aW WhiV aUUa\ of cXbeV fUom aboYe, \oX ZoXld Vee e[acWl\ WhoVe
faceV ZiWh a ceUWain oUienWaWion, and, of coXUVe, WheVe faceV Zill coYeU Whe flooU. If
\oX noZ look aW a Vide Zall, Whe Vame Whing Zill happen-\oX Zill Vee all Whe faceV
ZiWh anoWheU fi[ed oUienWaWion coYeUing Whe Zall. So, Whe nXmbeU of faceV ZiWh a
giYen oUienWaWion iV Whe Vame foU all WhUee oUienWaWionV, QED (infoUmall\)!

LeW XV giYe Vome idea of hoZ a pUeciVe pUoof mighW go. FiUVW, iW iV noW obYioXV
WhaW a filling of Whe he[agon coUUeVpondV Wo Vome aUUangemenW of cXbeV ZiWhin Whe
ZallV and Whe flooU. To pUoYe WhiV, Ze giYe a Uecipe foU 'lifWing' an aUbiWUaU\ filling:
Ze Zill aVVign cooUdinaWeV Wo Whe YeUWiceV of Whe caliVVonV aV if Whe\ ZeUe poinWV
inVide an n X n X n cXbe in WhUee-dimenVional Vpace. GiYe cooUdinaWeV (n, n, 0) Wo
YeUWe[ A in FigXUe 3. NoZ, join an aUbiWUaU\ YeUWe[ V Wo A b\ a paWh along Whe VideV
of Whe caliVVonV. SWaUWing fUom A, cooUdinaWi]e Whe YeUWiceV along Whe paWh accoUding
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Wo Whe folloZing UXleV. SXppoVe \oX Ueach YeUWe[ U b\ moYing along a Vide of a
caliVVon fUom YeUWe[ W ZiWh cooUdinaWeV (a, b, c). Then:

a) if Whe Vide WU iV paUallel Wo AF in figXUe 3, giYe U cooUdinaWeV (a, b - 1, c) if
U iV higheU Whan W in figXUe 3 and cooUdinaWeV (a, b + 1, c) oWheUZiVe;

b) if WU iV paUallel Wo BC, giYe U cooUdinaWeV (a, b, c + 1) if U iV higheU Whan
W and cooUdinaWeV (a, b, c - 1) oWheUZiVe;

c) if WU iV paUallel Wo AB, giYe U cooUdinaWeV (a - 1, b, c) if U iV higheU Whan W
and cooUdinaWeV (a + 1, b, c) oWheUZiVe.

We leaYe Wo Whe UeadeU Whe WaVk of pUoYing WhaW Whe cooUdinaWi]aWion aboYe iV Zell
defined.

To pUoYe Whe Uemaining VWaWemenWV in Whe infoUmal pUoof, Ze giYe a conYenienW
definiWion. LeW V be a Vide of a caliVVon along an edge of Whe bo[. An V-chain iV a
VeqXence of diVWincW caliVVonV defined indXcWiYel\ aV folloZV. The fiUVW caliVVon in Whe
chain iV Whe one haYing V aV a Vide. The (k + I)VW caliVVon meeWV Whe k Wh one aW a
Vide paUallel Wo V. The edge V can be paUallel Wo WhUee diffeUenW diUecWionV, dl, d2 and
d3. We Va\ WhaW an V-chain iV of W\pe d, if V iV paUallel Wo d,. The folloZing facWV aUe
UaWheU eaV\ Wo pUoYe, XVing Whe cooUdinaWi]aWion defined aboYe.

1. An V-chain goeV fUom one Vide of Whe bo[ Wo Whe oWheU Vide paUallel Wo V.
2. The long diagonal of a caliVVon in an V-chain iV neYeU peUpendicXlaU Wo V.
3. ChainV of diffeUenW W\peV haYe a caliVVon in common; chainV of Whe Vame W\pe

neYeU meeW.

4. All caliVVonV WhaW lie in WZo chainV of diffeUenW W\pe haYe Whe Vame oUienWaWion.
TheUe aUe n chainV of each W\pe. So, fi[ing WZo W\peV, WheUe aUe aW leaVW n2 diVWincW

caliVVonV ZiWh a fi[ed oUienWaWion, fUom Whe facWV aboYe. AV Whe WoWal nXmbeU of
caliVVonV iV 3n2 (Vimpl\ b\ diYiding Whe aUea of Whe bo[ b\ Whe aUea of one caliVVon),
Whe nXmbeU of caliVVonV ZiWh a fi[ed oUienWaWion haV Wo be n2, and Whe main UeVXlW iV
pUoYed.

AV a final e[eUciVe, Ze inYiWe Whe UeadeU Wo VhoZ WhaW Whe configXUaWion of
caliVVonV dUaZn beloZ cannoW be compleWed Wo fill a bo[ (hinW: noWice WhaW n iV 5,
and one alUead\ haV Vi[ cXbeV VWacked one on Wop of Whe oWheU).

FIG. 4

The aXWhoUV ZoXld like Wo Whank Whe UefeUeeV foU VXggeVWing man\ impUoYemenWV in Whe pUeVenWaWion of

Whe aUWicle.
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