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Specific Conditional Entropy H(Y|X=V)
Suppose I'm trying to predict output Y and I have input X

X = College Major Let’s assume this reflects the true
Y = Likes “Gladiator” probabilities

_ E.G. From this data we estimate

e P(LikeG = Yes) = 0.5
History | No o P(Major = Math & LikeG = No) = 0.25
CS Yes o P(Major = Math) = 0.5

o P(LikeG = Yes | Major = History) = 0

Note:

CS Yes « H(X) = 1.5
History | No

.H( )/) =7
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Specific Conditional Entropy H(Y|X=V)

X = College Major

v = Likes “Gladiator” Definition of Specific Conditional

Entropy:
H(Y |X=v) = The entropy of Y

_ among only those records in which

X has value v

History | No
CS Yes
CS Yes

History | No




Specific Conditional Entropy H(Y|X=V)

X = College Major

Definition of Specific Conditional

Y = Likes “Gladiator” Entropy:

Math Yes
History | No
CS Yes
Math No
Math No
CS Yes
History | No
Math Yes

H(Y |X=v) = The entropy of Y
among only those records in which
X has value v

Example:

® H(Y/X=Math) = 1

o H(Y/X=History) = 0
e H(Y/X=CS)= 0



Definition: Conditional Entropy
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X = College Major
Y = Likes “Gladiator”

Conditional Entropy H(Y|X)

Math Yes
History | No
CS Yes
Math No
Math No
CS Yes
History | No
Math Yes

Definition of Conditional
Entropy:

H(Y | X) = The average specific
conditional entropy of Y

= if you choose a record at random what
will be the conditional entropy of Y,
conditioned on that row’s value of X

= Expected number of bits to transmit Y'if
both sides will know the value of X

= 3, Prob(X=v;) H(Y | X = v})



Conditional Entropy

X = College Major Definition of Conditional Entropy:

Y = Likes “Gladiator” H(Y1 X) = The average conditional
entropy of Y

= 3 Prob(X=v)) H(Y| X = v,)

Math Yes Example:

istory 1% [ v [ Probx=w) [HOYIX=w) ]
CS Yes

Math 0 I\/I_ath 0.5 1

Math No History [0.25 0

CS  |ves CS 0.25 0

History | No

Math Yes HNX)=05*1+025*0+025*0=05
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Information Gain (loss) (aka Mutual

Information

_ Definition of Information Gain:
X = College Major

Y = Likes “Gladiator”  {G(Y1X) =1 must transmit Y.
How many bits on average
would it save me if both ends of

_ the line knew X?

Math Yes IGINYX)= H(Y)-H(Y | X)

History | No

CS Yes Example:

Math No ° H(Y) =1

Math No

CS Ve e H(Y|X) =0.5

History | No e ThusIG(Y]X) =1-05=0.5
Math Yes
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Information Gain Example

wealth values:

poor rich

gender Female 14423 1769 | H( wealth | gender = Female ) = 0 497654

hale

22732 9915 [ H wiealth | gender = Male ) = 0885847

Hiwealth) = 07935844  Hiwealth|gender) = 0757154

Iziwealth|gender) = 0. 03665896
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Another example

wealth values:

agegroup 105
205
30s
405
205
B0s
f0s
805
90z

2507
11262
9463
G738
4110
2245
GBS
115
42

poor rich

3 | H viealth | agegroup = 105
742 1 - vcalth | agegroup = 20s
2461 |GG H wealth | agegroup = 30s
2086 | H( wealth | agegroup = 40s
2509 | H| wealth | agegroup = 50s
209 | H vcalth | agegroup = B0s
147 | H vealth | agegroup = 70s
16 | - vealth | agegroup = 80s
13 | H vealth | agegroup = 90s

Hiwealth) = 0793844  Hiwealthlagegroup) = 0709463

Iziwealthlagegroup) = 0.05435813

=
] =
| =
=
] =
| =
=
] =
| =

00133271
(1.334906
0.838134
0951961
(01957376
(0.834049
0630552
(0535474
0.733941
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X = College Major
Y = Likes “Gladiator”

Relative Information Gain

History | No
CS Yes
CS Yes
History | No

Definition of Relative Information
Gain:

RIG(Y]1 X) = I must transmit Y, what
fraction of the bits on average would
It save me If both ends of the line

knew X?
RIGIVI X)=( H(Y) - H(Y | X) )/ H(Y)

Example:
e HY|X) =05
e H(Y)=1

e ThusIG(YI|X)=(1-05)/1 =05
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What i1s Information Gain used for?

Suppose you are trying to predict whether someone
IS going live past 80 years. From historical data you
might find...

e]G(LongLife | HairColor) = 0.01
e]G(LongLife | Smoker) = 0.2
e]G(LongLife | Gender) = 0.25
e]G(LongLife | LastDigitOfSSN) = 0.00001

IG tells you how interesting a 2-d contingency table is
going to be.
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Searching for High Info Gains

e (Given something (e.g. wealth) you are trying to
predict, It Is easy to ask the computer to find
which attribute has highest information gain for it.

wiealth values:  poor rich

relation Husband 10870 3246 |GGG Hi wealth | relation = Hushand ) = 0.992385
Not_in_familty 11307 1276 | H( vealth | relation = Not_in_family ) = 0.473439
Other_relative 1454 52 | G H wealth | relation = Other_relative ) = 0.216617
Own_child 7470 111 | H viealth | relation = Qwin_child )= 0.110192
Unmarried 4816 309 | H viealth | relation = Unmarried ) = 0.228608
Wife 1238 1092 | Hi wealth | relation = Wife ) = 0.997207

Hiweealth) = 0793844 Hiwealth|relation) = 0.625421
|Giwealthlrelation) = 0165423
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What Else is Conditional Entropy
Used For

|t Is used as a measure of uncertainty
(noise) introduced by the channel

 To be derived over next few minutes
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Joint Information or Dependency
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Information Theory Applied to
Communication
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Key Slide: Definition of Mutual Information
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Applications of Information
Theory: Compression
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Shannon’s First Theorem: A.K.A Source
Coding Theorem, A.K.A Compression Theorem
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Shannon’s source coding theorem
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Zhannon lossless source coding theorem 1s based on the concept of block coding. To lustrate this concept, we mtroduce a special imformation source m which
the alphabet consists of only two letters:

A = {a,b}.

Here, the letters "a' and *b' are equally likely to ocour. However, given that "a' ocourred in the previous character, the probability that "a' occurs again in the
present character 15 0.9, Similarly, given that *b' occurred in the previous character, the probability that "b' occurs again in the present character is 0.9, This is

known as a binary symmetric Marlov source.

An n-th order block code 15 just a mapping which assigns to each block of # consecutive characters a sequence of bits of varying length. The following
examples dlustrate this concept.

1. Fust-Order Block Code: Each character 15 mapped to a single bat.

By P(Bl:' Codeword

a 05 0
B 05 1
=1 Witfcharacter

An example:
Ociginal Datat 2,3, 2,8, 3,3,3,b, 5,0 bbb, bbb D Db b ES3 2
CompmssedData: 0000000 111111111111100060

Note that 24 bits are used to represent 24 characters --- an average of 1 bit/character.
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Rate of a Source Code

o The rates shown in the tables are calculated from
1 )
R= o E p(B,)I(B,) bits/sample,

where [(B,) is the length of the codeword for block B, .
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2"d order Block Codes and
Huffman Encoding

2. second-Order Block Code: Patrs of characters are mapped to etther one, two, or three bits.

By F{BZ) Codeword

aa 042 0
bk 045 10
ab 005 110
ba 005 111

F=0L825 hitslcharacter

An example:
Original Data: a aaaaaabbbbbbbbbbbbbaaaa

Cu:urnpn:ss:dData: L] L] O 11010 10 10 10 10 10 0O L]

Mote that 20 bits are used to represent 24 characters --- an average of 083 bits/character.
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Some Definitions

"4 What is the difference between lossless and lossy compression?

Inlossless data compression, the compressed-then-decompressed data 1z an exact replication of the ongmal data. On the other hand, m lossy data compression, the
decompressed data may be different from the original data. Typically, there 15 some distortion between the original and reproduced signal

The popular WinZip program 15 an example of lossless compression. JPEG 13 an example of lossy compression,
B What is the difference between compression rate and compression ratio?

Historically, there are two main types of applications of data compression: transmission and storage. An example of the former i3 speech compression for real-time
transmussion over digttal cellular networks. An example of the latter 15 flle compression (e.g Dnvespace).

The term ' compression rate” comes from the transtnission camp, while ' compression ratio” comes from the storage camp.

Compression rate i3 the rate of the compressed data (which we imagined to be transtoitted in *“real-time'). Typically, it 15 i units of bits/sample, bits/character, bitsipizels,
of bitsfsecond. Compression ratio 15 the ratio of the size or rate of the onginal data to the size of rate of the compressed data. For example, if a gray-scale image is ongmally
represented by 8 bits/pizel (bpp) and it 15 compressed to 2 bpp, we say that the compression ratio 15 4-to-1. Sometunes, 1t 15 said that the compression ratio 18 75%.

Compression rate i3 an absolute term, while compression ratio 15 a relative term,

We note that there are current applications which can be considered as both transmission and storage. For example, the above photograph of Shannon is stored in TPEG
format. This not only saves storage space on the local disk, it also speeds up the delivery of the image over the internet.

© What is the difference between ~“data compression theory" and ~source coding theory'?

There 1z no difference. They both mean the same thing, The term “'coding” 15 a general term which could mean either " data compression” or *error control coding”.
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Higher Order Codes Converge

3. Third-Crder Block Code: Triplets of characters are mapped to bit sequence of lengths

By P(Ba}

ama 0405
bbb 0.405
aab 0.045
abb 0.045
kha 0.045
baa 0.045
aba 0.005
bak 0.005

one through six

Codeword

0

10
1100
1101
1110
11110
111110
111111

F=0L68 biislcharacier

An example:

Qriginal Data: aaaaaaabbbbbbbbbbbbbaaaa

Compressed Data: 0 L] 1101

10 10 0 1110 0

Mote that 17 bits are used to represent 24 characters --- an average of 0.71 hits/character.
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Figure 12.2  Block diagram of the Lei-Sun VLC encoder.
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