92.445/545 Partial Differential Equations Spring 2013

Final Exam Solutions

Problem 1. (10 points) Consider the pde yug, + Tuyy + ty — uy = T
a) In what region(s) of the zy plane is this pde elliptic?

Recall that the second order linear pde in 2 independent variables au,, + 2bugy + cuyy + du, + euy + fu =g
is hyperbolic if b2 — ac > 0, parabolic if b> — ac = 0, and elliptic if b2 — ac < 0. (See page 65 of
Pinchover & Rubinstein.)

Here a = y, 2b = 0, and ¢ = 2, so b> —ac = —xy. —xy < 0 where zy > 0. Therefore,
‘the given pde is elliptic in the first and third quadrants.

b) In what region(s) of the xy plane is this pde hyperbolic?

b>—ac = —xy > 0 where zy < 0. Therefore, |the given pde is hyperbolic in the second and fourth quadrants.

Problem 2. (20 points)
Solve the Cauchy problem u, + 2zu, = 8zy, u(0,y) = sin(y)

Recall that the second order linear pde in 2 independent variables aug; + 2bugy + cuyy + du, + euy + fu =g
is hyperbolic if b2 — ac > 0, parabolic if b?> — ac = 0, and elliptic if > — ac < 0. (See page 65 of the

textbook.)

The initial curve T' is given by x = 0,y = s. On I' we have u(s) = sin(s). The characteris-
d d

tic curves satisfy the conditions d—j =1 and d—i = 2z. d—j =1=x=t+c(s). Because z = 0
d

on I' (where t = 0), ci(s) = 0, so z =t. d—i — 22 =2t = y =t> + co(s). Because y = s on

[' (where t = 0), c(s) = s, so y =t>+ 5. On characteristics, d_:: = 8y from the given pde.

du

pri 8xry = 8t (t2 —I—S) = 8t% 4 8st = u = / (8753 —1—8375) dt = u = 2t* + 4st® + c3(5s)
Because u = sin(s) on I' (where ¢ = 0), c3(s) must equal sin(s), so u = 2t* + 4st? + sin(s).

r=tandy=t’+s=>t=xand s =y — 2>

Therefore, u = 2t + 45t + sin(s) = 2z + 4 (y - :L'2) z? + sin (y - :L'2) = |u(z,y) = 42’y — 221 + sin (y - :L'2) .

Problem 3. (20 points)

Solve the following Cauchy problem for the wave equation on a semi-infinite domain.

U — MUgyey = 0 on < x<oo,t>0
u(z,0) = eFonl<x<oo
ug(z,0) = cos(z)on < x < oo
ug(0,t) = Oont>0

As we discussed in class, the solution to the Cauchy problem

utt—czum =0 on0<x<oo,t>0
u(z,0) = f(z)
u(z,0) = g(z)

ug(0,t) = 0



equals the solution of the Cauchy problem

utt—czum =0 on —oo < x<oo,t>0
u(z,0) = f(z)
u(z,0) = g(z)

restricted to the interval 0 < z < oco. Here f and § are the functions obtained by extending f
and g, respectively, to the entire real line as even functions. In this problem, f(xz) = e™* and
g(x) = cos(x). Their extensions as even functions are f(z) = e I*l and §(z) = cos(z). In this
problem, ¢ = 3, so D’Alembert’s Formula gives us

1 xr+ct

fate)+fa =] +5- [ ats) ds
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eletst e_|m_3t|} + 6 [sm(s)ﬁi—gﬂ

u(z,t) =

cos(s) ds

N~ N~ N~

1 1
= |u(z,t) = 5 [e—lr+3tl + e-'f—3t|] +3 [sin (z + 3t) — sin (x — 3t)]

Problem 4. (20 points)

Solve the following IBVP for the heat equation with nonzero boundary conditions.

Uy = Ugg on0<zx<1,t>0
u(0,t) = t>0
u(l,t) = t>0
w(z,0) = 2241 0<z<1

As discussed in class, we look for a solution in the form u(x,t) = ui(z) + ug(x, t) where uq(x) is a
linear function of x satisfying the boundary conditions and uy(z,t) is a solution of the IBVP

Uop = Uogr on0<zx<1,t>0
w0,) = 0 t>0
u(m,t) = 0 t>0
u(z, 0) 21 —u(z) 0<x<1

In this problem, because the boundary conditions are u(0,¢) = 1 and u(1,t) = 2, we have
ui(z) = x + 1. Therefore, uy is a solution of the IBVP

Uop = Udgr on0<zx<1,t>0
up(0,t) = 0 t>0
ug(m,t) = 0 t>0
ug(x,0) = 22—z 0<z<1

As discussed in class and as described on pages 99 - 104 of Pinchover and Rubinstein, the solution of

[e.e] [e.e]
this IBVP can be expressed in the form uy(z,t) = Z By, sin (?) e—hnimit/L? _ Z By, sin (n7x) e,

n=1 n=1



[e.e]
us(z,0) =22 — 2 = Z By sin (nmz) e’ = 2% — £ = B, = the nth Fourier sine series coefficient of

n=1

2 rl __8_
2 —zon0<z<1= B, = —/ (:Ez—:n)sin(nwm) dr = { wims  nodd
1Jo 0 n even
8 1 . —(2m—1)2n2t
Therefore, u(z,t) = u1(z) + ug(z,t) = |u(z, t) =r +1 - — Z 3z sin((2m — )7z)e T
m — (2m —1)
Problem 5. (15 points)
Solve the following BVP for the Laplace equation on a rectangle.
Au = 0 oml<z<ml<y<mw
u(z,0) = 0 onO<z<m
u(lz,mr) = 0 onO<z<m
u(0,y) = 0 onO<y<m
u(myy) = sin(3y) onl0<y<m

As stated on the handout on solving the Laplace equation via separation of variables, the solution
of the boundary value problem

Au = Oonl0<zx<b O0<y<d
u(0,y) = fly)0<y<d
ulb,y) = g(y) 0<y<d
u(z,0) = h(z)0<z<b
u(z,d) = k(z)0<z<b

can be expressed as

ey = 3 Lo ("2 [, o ("2 + 3, s (W)}

+sin (@) [cn sinh (ﬂ) 4+ D, sinh (M)]}
b b b
nmb

b
where A,, sinh (%) equals the nth Fourier sine series coefficient of g(y) on 0 < y < d, —B,, sinh (7>

equals the nth Fourier sine series coefficient of f(y) on 0 < y < d, C,, sinh (%d) equals the nth

d
ﬂ) equals the nth Fourier

b

Fourier sine series coefficient of k(z) on 0 < x < b, and —D,, sinh (
sine series coefficient of h(z) on 0 < z < b.

In this problem, b = d = 7, so

u(z,y) = Z {sin (ny) [A, sinh (nx) + By, sinh (n(x — 7))] + sin (nz) [C), sinh (ny) + Dy, sinh (n(y — 7))]}

n=1

u(z,0)=0=

0 = Z {sin (0) [A,, sinh (nx) + By, sinh (n(z — 7))] + sin (nx) [C,, sinh (0) + D,, sinh (n(0 — 7))]}
n=1

= Z sin (nx) [—Dy, sinh (n7))]
n=1



= D, =0foralln

u(z,7)=0=

0 = Z {sin (nm) [A, sinh (nx) + By, sinh (n(z — 7))] + sin (nz) [C), sinh (n7) + D,, sinh (n(7 — 7))}

n=1

= Z sin (nx) [Cy, sinh (nm)]

n=1
= (C,=0foralln

u(0,y) =0=

0 = Z {sin (ny) [A, sinh (0) + B,, sinh (n(0 — 7))] +sin (0) [C,, sinh (ny) + D, sinh (n(y — 7))|}

n=1

— Z sin (ny) [~ By, sinh (nm))]
n=1

= B, =0 for all n

u(m,y) = sin(3y) =

sin(3y) = Z {sin (ny) [A, sinh (n7) + B, sinh (n(7 — m))] + sin (nn) [C), sinh (ny) + D, sinh (n(y — 7))]}
n=1
= Z sin (ny) [A,, sinh (n7))]
n=1
1
:>A3:Sinh7(37r)’ A, =0forn#3
Therefore, |u(z,y) = Soh(3m) sin(3y) sinh(3x)

Problem 6. (15 points)

Use a Green’s function to solve Poisson’s equation Au = x in the right half-plane {(x,y)|x > 0}
with boundary condition u(0,y) = 0. You will need to use the reflection prinicple to find the Green’s
function. You may leave your solution in the form of an integral.

As discussed in class, the solution of the BVP

Au= F(z,y)on R, u=0on0R

is given by u(z,y) = // F(&,n)G(z,y;&,n) dédn, where the Green’s function G satisfies the con-
R
ditions
AG=6(x—&y—n)on R, G=0ondR.

1
The function G(z,y;&,n) = pp In [(:p — 62+ (y - 77)2} satisfies AG = d(x — &,y — 1) but not the

boundary condition G(0,y) = 0. To find a Green’s function that satisfies the boundary condition,
we use the reflection principle and take



Glayrem ==l [ =+ =] - [+ + -] = o

Since F'(z,y) = x, the solution of the given BVP for Poisson’s equation is
1 o o
= — 1
u(z,y) 477/_00/0 In

Extra Credit (10 points)

-+ (y—n)*
+&)2+ (y —n)?

] dédn

As we previously discussed, if u is a solution of the wave equation uy — 62um =0on—-oco<x<oo,t>0

for which v — 0 and u; — 0 as * — oo, then the energy F = / ut + 2u ) dx is constant.

Can you find a corresponding conserved quantity E for solutions of the heat equation u; = kugy on
—o0 < x < o0o,t>0 assuming u — 0 and u, — 0 as © — +o0?

R 00
Let F = / u dz. Then

B
dt

because u, — 0 as |x| — oo. Therefore, E is constant.

&/ u dx = / — d:U = / kug, dx (by the heat equation) = ku,|>, =0

FOR STUDENTS ENROLLED IN 92.545.

Problem 7. (20 points) (Pinchover & Rubinstein problem 7.11) Solve the Laplace equation Au =0
in the domain 22 + y? > 4 subject to the boundary condition u(z,y) =y on z? + y* = 4 and the
decay condition u(z,y) — 0 as |z| + |y| — oo.

Hint: Recall that in deriving (7.65) on p. 197 of Pinchover & Rubinstein we discarded the "
term in (7.63) because we were looking for a solution that was bounded on the disk

B, ={(r,0)|[0<r <a,0<60<27}. In this problem you need to keep the r~" term but discard
the 7" term because r" — oo as r — 0.

= Ay + Z " [A, cos(nb) + By, sin(nh)]

On the boundary r = 2 we have w = y = 2sin(0)

Therefore, 2sin(f) = Ay + Z " [A,, cos(nb) + By, sin(nh)]

= A, =0 (n>0), 2 131:2, B, =0 (n>2).

4y

It follows that w(r, §) = 47~ sin(h) = 4r~2rsin(h), so |u(z, y) = PR




