ISOPERIMETRIC INEQUALITIES AND THE FRIEDLANDER-MILNOR
CONJECTURE

TIBOR BEKE

ABSTRACT. We prove that Friedlander’s generalized isomorphism conjecture on the coho-
mology of algebraic groups, and hence the Isomorphism Conjecture for the cohomology of
the complex algebraic Lie group G(C) made discrete, are equivalent to the existence of an
isoperimetric inequality in the homological bar complex of G(F'), where F is the algebraic
closure of a finite field.

INTRODUCTION

For any topological group G, let G° denote G with the same group structure, but con-
sidered as a discrete space. The continuous homomorphism G? 29, G induces a map of
classifying spaces BG® — BG. In [11], Milnor stated:

Milnor’s conjecture on the homology of Lie groups made discrete: If G is a Lie
group, then ¢ induces isomorphisms’

Hy,(BG,Z/1) — H}.

top

(BG°,7)1) = H"(G°, /1)
for any prime [. The motivation for this (at first read, no doubt, surprising) conjecture was

Friedlander’s conjecture [6]: Let k be an algebraically closed field and [ a prime distinct
from the characteristic of k. Let G} be an algebraic group over k. Then the natural map of
group schemes G(k), — Gy induces an isomorphism

H(BGy, Z/1) — Hg(BGk(k), Z/1) = H"(G(k), Z/1).

Here G(k) is the discrete group of k-rational points of the algebraic group Gy, and the right-
hand side is ordinary group cohomology. On the left, one has the étale cohomology of the
simplicial scheme BGy. The construction of the comparison map between the two is akin to
turning a topological space into the discrete space made up of the set of its points, save now
one turns a scheme Gy, into G(k)y, the coproduct of copies of the terminal k-scheme spec(k),
indexed by the scheme-theoretic points of Gj.

The last chapter of Knudson [8] provides careful details and an excellent overview of the
many partial results on these conjectures. In addition, the very end of section 1 of the
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present paper contains historical information on their origin that the reader is encouraged
to become aware of.

Friedlander—Mislin [6] proved Friedlander’s conjecture over k = F,, the algebraic closure
of a finite field. The idea of this paper is to exploit the interaction of the homologies of the
discrete group G(F,) and of G(K) for large, algebraically closed fields K to attack more cases
of Friedlander’s conjecture. Here G is an integral form of a connected reductive algebraic
group; such a G is assumed to have been fixed throughout. Note that its group of complex
points, G(C), falls under the domain of both Milnor’s and Friedlander’s conjectures, and it

is known that for such groups the two are equivalent.

Our main result is formulated in terms of metric properties of the bar complex for com-
puting group homology. Let GG be a discrete group and R some ring of coeflicients, on which
(G is acting trivially. Recall that the bar complex is a functorial chain complex whose ho-

mology is H,.(G, R). The module of n-chains, C,(G), is the free R-module on the basis set
dn

G™; let d,, denote the standard boundary map C,(G) — C,—1(G), and B,(G) resp. Z,(G)
the submodules of n-boundaries and n-cycles. Let the size ||c|| of a chain ¢ € C,, mean
the number of non-zero coefficients in the expression of ¢ as formal linear combination of
elements of G". (If the coefficients R were a normed abelian group, one would take the sum
of the absolute values of the coefficients, but throughout this paper we are concerned with
prime coefficients R = Z/1.)

The filler norm of a boundary b € B,, is defined as
6]l == min {||c|| | ¢ € Cpy1 such that dyy(c) = b}

Definition 0.1. G satisfies a homological isoperimetric inequality for boundaries in homo-
logical degree n with coefficients R if for all K € N,

isop(K) := sup {||bl|fu | b € By such that [|b]| = K} < oo

In words, the size of the shortest filler for a boundary b can be estimated from above in
terms of the size of b itself. We call isop the homological isoperimetric function for G.

Fix now a G as above, prime p, homological degree n and coefficients Z /I, | # p.

Theorem A. The following are equivalent:
e G(F,) satisfies a homological isoperimetric inequality in degree n with coefficients Z/1
e Friedlander’s conjecture holds for H"(G(k),Z/l) for all algebraically closed fields k of

characteristic p.

The characteristic zero version involves, rather than an isoperimetric function of G(C)?,

an asymptotic isoperimetric function for G(IFF,) as p ranges over the primes.

Theorem B. Consider the statement:
(asymp) There exists a function asymp : N — N with the property: for each K € N, for
all sufficiently large primes p (depending on K) one has that for all b € B,(G(F,)) with
16l = K, [[bllan < asymp(K).
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e (asymp) implies that H"(G(C)°, Z/1) satisfies Milnor’s conjecture; equivalently, that Fried-
lander’s conjecture holds for H"(G(k), Z/1) for all algebraically closed fields k of characteristic
Z€ro.

e The converse holds provided the homology of a maximal torus surjects on the homology
of G; more precisely, if G has a maximal torus T (defined over the integers) such that for all
but finitely many primes p, the inclusion T(F,) <— G(IF,) induces a surjection

Hy(T(F,), Z/1) — Ha(G(F,), Z/1).

This condition surfaces rather often in the study of Friedlander’s conjecture, and is well-
understood by a case-by-case analysis; perhaps it is enough to point out that for any G,
it holds for all primes [ that are large for G, i.e. that do not divide the order of the Weyl
group of G (and the list of exceptional [ is typically much smaller). See Section 3 for more
information on (removing) this obstacle from the converse implication.

Note that (asymp) neither implies that any particular G(F,) satisfies an isoperimetric
inequality, nor is implied by the existence of isoperimetric functions for individual G(E;)
(unless those functions also happen to be uniformly bounded in p). (asymp) does imply that
the uncountable group G(C)? satisfies an isoperimetric inequality, but I do not know the
converse.

Let k be an infinite field. Set-theoretically, the cardinality of H,(G(k),Z/l) is at most
that of k. Friedlander’s conjecture predicts that for algebraically closed k, H,(G(k),Z/l) is
isomorphic to the finite group H!°P(BG(C),Z/l). Since there is always a surjection, this is
the ‘smallest’ value H,,(G(k),Z/l) can take. The last result of this paper shows that as k
increases, the cardinality of H,(G(k),Z/l) either grows as fast as it can, or stays constant
countable.

Theorem C. Fix G, n, [ and the characteristic p # [ through which our algebraically
closed fields k range (p can be a prime or zero). One of the following two possibilities
obtains:

e all the H,(G(k),Z/l) are countable, all the groups G(k) possess the same isoperimetric
function, and moreover every extension k — K between algebraically closed fields induces
an isomorphism H,,(G(k),Z/l) — H,(G(K),Z/1),

e or H,(G(k),Z/l) has the cardinality of k for all uncountable k.

For p > 0, thanks to Theorem A, the first alternative means the truth of Friedlander’s
conjecture. In particular, for an uncountable k of positive characteristic, H,(G(k),Z/l) has
either the value predicted by Friedlander’s conjecture, or the cardinality of k. In character-
istic zero, Theorem C is far less useful; it does not restrict the values that H, (G(C)°, Z/I)
might take, and leaves open the possibility that G(C)? possesses an isoperimetric function,
though no asymptotic isoperimetric function exists for the G(F,,).

Terminological caveat. Isoperimetric inequalities for boundaries in the bar complex, at
least with Z or R coefficients, go back in the literature to the 80’s, prompted by Gromov’s
groundbreaking work on bounded cohomology. (See for example Matsumoto—Morita [10],
who refer to the condition ‘isop(K) < C' - K for some constant C” as the uniform boundary
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property.) Isoperimetric functions for n-balls in locally finite models of K (G, 1) appear under
the name higher Dehn functions; see especially Alonso-Wang—Pride [1]. These generalize
the classical combinatorial Dehn function, or isoperimetric function, of finitely presented
groups. Homological isoperimetric functions have also been widely considered, especially
in the context of hyperbolic groups, for cycles (with Z or R coefficients) on the universal
cover of suitable locally finite models of K(G,1); see for example Lang [9]. It is not clear
how the notions that pertain to locally finite models of K(G, 1) interact with isoperimetric
inequalities in the bar compler — not to mention that our groups, such as G(Fp), are not

finitely generated. In this paper, isoperimetric inequality is always understood in the sense
of Def. 0.1.

1. HEURISTIC

The author discovered the relevance of isoperimetric inequalities by analyzing a well-
known bridge between the algebraic closures of finite fields and uncountable algebraically
closed fields. Though the proofs can be phrased without it, it is perhaps useful to give a
blueprint of this bridge, as the syntactic details of the argument may otherwise conceal the
simplicity of the main idea.

Let P C N be an infinite set of primes, and U any non-principal ultrafilter on P. It is an
old observation that

(1.1) HE, ~ C°
P/U

since both the ultraproduct on the left and the complex numbers (just as an untopologized
field) are algebraically closed fields of characteristic zero, of the cardinality of the continuum.
The = sign is to emphasize how non-canonical the isomorphism is; it relies on Steinitz’s
theorem, i.e. the possibility of a set-theoretic bijection between transcendence bases (over
the rationals) of the two sides.

Let G be an algebraic group defined over the integers. (1.1) extends to give an isomorphism
(non-canonically, and only as discrete groups)

(1.2) [16F,) ~ G(c)y
P/U

The main ingredient in the proof of Friedlander’s conjecture over Fp is the fact, proved earlier
by Friedlander and (in special cases) by Quillen, that for p # [

H,(G(F,),Z/1) ~ H;*"(BG(C),Z/1).
Friedlander’s conjecture asserts
(?) H,(G(C)°, Z/1) =~ H}P(BG(C), Z/1).
Supposing that the functor H,(—, Z/ l) commutes with ultraproducts,

(7) [ H.(GF,).2/1) =~ H.(] | G(F,), Z/1)

P/U P/U
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one would obtain Friedlander’s conjecture:

[ 2.(G(F,).2/1) ~~~ H([] G(F,). /1)
P/U P/U

i

f

? |

e
H,*(BG(C), Z/1) H,(G(C)*, Z/1)

(1.3)

where the left-hand vertical isomorphism uses that, since the groups H!°P(BG(C),Z/l) are
finite, canonically

[ #iP(BG(C),Z/1) = HY*(BG(C), Z/1).

P/U
Ultraproducts, while slightly tamer, are nearly as badly behaved for homological algebra
as infinite products, and it is easy to see that the functor H,(—,Z/l) does not in general
preserve them. Nonetheless, one has a natural comparison map

H([[ 6F,).2/1) - [] Ha(G(F,), /1)

P/U P/U

Most of the work goes into understanding the kernel and image of this homomorphism. The
reasons for falling back on the bar complex are its functoriality and simple syntax, which
make the interaction with ultraproducts much easier to analyze. (That is also the reason for
preferring to work with homology rather than cohomology.) The homomorphism [¢] turns out
to be onto provided the homology of G is supported on a maximal torus (and, I conjecture,
in fact always). Via (1.3), Friedlander’s conjecture is seen to be equivalent to the injectivity
of [t]. The condition (asymp) results from a combinatorial re-writing of this injectivity.

The positive characteristic case, Theorem A, is similar throughout but much simpler; it
uses ultrapowers of F,. Theorem C follows from the methods of the previous parts combined
with an elementary set-theoretic observation about constructible stratifications of algebraic
varieties over uncountable fields.

In homological degree n = 1, the isoperimetric function of any group can be understood
completely in terms of its commutator width, and one can establish the main properties
of the isoperimetric functions of certain groups (e.g. divisible abelian), in any homological
degree, by hand. It seems to be challenging, however, to ‘reverse engineer’ the deep and
beautiful work of Suslin [13] [14] in K-theory and homological stability that yielded (in a
range of dimensions) the generalized isomorphism conjecture for GLy and SLy, and to say
something about the isoperimetric functions associated to these groups; not to mention, of
course, establishing or refuting new cases of the generalized isomorphism conjecture. The
difficulty is inherent, in part, in the fact that our proof of Theorem B is non-constructive,
i.e. proceeds by contradiction. It is worth noting, however, the similarity between Suslin’s
“universal cycles” and the isoperimetric condition in the bar complex. These threads will be
pursued elsewhere; our goal here is just to prove Theorems A, B and C.
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Historical remarks. 1 am indebted to an anonymous referee for bringing the following to
my attention.

The situation of Theorem B of this paper — groups of the form G(C) where G is an
integral form of a connected reductive algebraic group — is exactly what E. Friedlander
considered and discussed with many people during his stay in Princeton (1970-1975), when
he first stated and investigated his conjecture. Milnor then generalized the conjecture to
an arbitrary Lie group with finitely many connected components. (Cf. the third sentence of
Milnor [11]: “This paper is organized around the following conjecture which was suggested to
the author by E. Friedlander at least in the complex case.”) In the literature, the conjecture
in this general form is called the “Friedlander—Milnor Conjecture” (or, as Milnor calls it, the
“Isomorphism Conjecture”).

In other words, that part of Milnor’s conjecture to which this paper has relevance is due
to Friedlander. The extension of the Isomorphism Conjecture to algebraically closed base
fields other than C, the “Generalized Isomorphism Conjecture”, is due to Friedlander alone.

E. Friedlander informs me that he and Charles Miller attempted to use ultraproducts to
attack his conjecture in the 70’s.

The first published use of ultraproducts is this context is due to Jardine [7]. Other than
the underlying idea of building uncountable algebraically closed fields as ultraproducts of
algebraic closures of finite fields, his methods and conclusions are distinct from ours.

2. ULTRAPRODUCTS OF THE BAR COMPLEX

The goal of this section is to construct a comparison homomorphism from the homology of
an ultraproduct of groups to the ultraproduct of their homologies, and to give a necessary and
sufficient condition for it to be injective resp. surjective. We only use elementary results on
ultraproducts and model theory in this paper, all contained in the textbook Bell-Slomson [2].

The map is constructed via one particular device for computing group homology, the bar
complex. For syntactic reasons, we spell out some standard definitions in detail. Fix a ring
R of coefficients, on which all groups are understood to be acting trivially. For a discrete
group G, the bar complex can be thought of as the simplicial homology of the nerve of G
or, alternatively, as the result of tensoring with — ®4 R the bar resolution of R as trivial
G-module. The n-chains C,,(G) are the free R-module on the basis set G"; we will write

basis elements as (g1, g2, .., gn) or g. The boundary mapping C, n, -y is defined on
basis elements by

<917g27"'7gn> = <g27"'7gn> - <91927"'7gn> + <91792937"'7gn> -
+(=1)"" g1, 92: - -+ Gn19n) + (=1)"(g1, 92, - - -, Gn—1)

(Here d1({g1)) = () — () = 0- (), where the empty tuple () is the generator of Cy(G), and
C_1(Q) is by definition zero.) If z is a cycle, we write [z] for the homology class it represents.
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Let G, A € A, be a set of discrete groups. Let U be an ultrafilter on A, and let § denote
the corresponding ultraproduct J], 4 Gx. If ¢(A) is a mathematical statement containing
the parameter A\ ranging over A, we will abbreviate as

Ul ¢
the statement “the set of A € A for which ¢()\) is true, belongs to U”. (Remark: only the
variable A will be used in this role. Though the notation is suggestive, it is meant to be just
a typographical device. In particular, ¢ will be typically phrased in the meta-language, and
is not necessarily assumed to be equivalent to a first-order formula in the language of rings
and groups.)

Consider now the ultraproduct (as R-modules) [, 5 Cn(G»). One has an R-linear map
Cu(9) == [ Cn(G)

AJU

defined on basis elements as follows: given g € G, choose representatives {g\ € G} | A € A}
for it; the collection

{1-5:| e Al
gives a well-defined element ¢(g) of the ultraproduct [, 4 Crn(G)-

Proposition 2.1. ¢ is injective.

Proof. Let X be an arbitrary set, and fix a k-tuple (ry,79,...,7%) of elements of R. To say
that the formal expression 71 -x1+7ry- 2o+ - -+ 7% 2 (Where the x; are thought of as variable,
ranging over X ) equals 0 in the free R-module with basis X amounts to a first-order formula

VoA A

Lulu--ul, gq=1 ij€ly
—{1,2,..k}

where the disjunction is over all partitions of {1,2,...,k} into subsets {I1,I5,...,I,} in
such a way that Zielq r; = 0 for each ¢ = 1,2,...,p. Call this formula §(zq,zs,...,Tx).
Given ¢ = ) r; g; in C,(9) and representatives {g; » € G% | A € A} for g;, the following are
equivalent:

t(c) =0 in H Cn(G))

AU
< U ): ZT,L‘ gi,A =01in Cn(G)\)

SUE 0(GirGor -5 Grer)
< 0(G1, Gas - - -, Gr) holds in C,(9)

@c:Zrif]}:Oin Cn(9)
by Lo6s’s theorem. 0
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[T Cn(Gy) can be equipped with a ‘boundary’ map d, - [Tap Cn(GY)  —
[Tan Cn-1(G»), which is simply the ultraproduct of the boundary mappings connecting
the individual C,(G,). It is therefore linear and one checks (via basis elements) that

t(dn(c)) = dn(e(c)) for ¢ € [Ty o Cn(G).

Now for each homology class in H, (G, R) take a representing cycle z = > r; g; from Z,(9).
Choosing representatives {g;» € G% | A € A} for each g, one has that

Uk Y rigin € Za(G)
hence ¢(z) represents an element in (the ultraproduct as R-modules) [, o Hn(Gx, R). This
element is independent of the choice of representative z taken in its homology class. Indeed,
if 2/ is another such, then z — 2’ = d,,1(c) for some ¢ € C,1(G), implying
U «(2) and «(z") are homologous in Z,(G)).

One therefore obtains a map

(2.1) H, (9, R) % T] HalGr. R)
AJU

Remark 2.2. 1t is also true that cin o CZnH = 0 and ker cZn /im cznﬂ is canonically isomorphic
to [T Hn(Gx, R), but we won'’t need this.

Using the fact that the algebraic structure on homology classes is definable directly on
cycle representatives, one sees that [¢] is R-linear. We wish to understand the kernel and
image of [¢]. This turns out to be more tedious for the case of an infinite R, nor does that
case have relevance to Friedlander’s conjecture. (See the Appendix of Milnor [11] for an
investigation of H!°P(BG®) with rational or real coefficients.) Henceforth we assume the
cardinality of R to be finite, and introduce a partial inverse to ¢.

Recall that the size ||c|| of an element of a free R-module with specified basis is the number
of basis elements occurring with non-zero coefficients.

Definition 2.3. An element ¢ of [, 4 Cn(G)) is said to be U-uniformly bounded (or simply

bounded) if there exists K < oo such that for some (equivalently, all) representatives {c, €
Crn(G)) | XA € A} of ¢,
UE ol <K

It is immediate that for any ¢ € C,,(9), ¢(¢) is bounded; bounded chains form a submodule
of [Ty, Cn(G); and d(¢) is bounded if ¢ is so.

Let ¢ € HA/u Cy(G,) be bounded in size by K. Choose representatives {c, € C,,(G)) | X €
A} of ¢, and write each ¢, with |cy| < K in some way as an ordered sum of basis elements,
cy = Zi*: 17 Gix, In < K. This allows one to define a map recording ‘coordinates’

{cx € C,(G)) such that |cy| < K} =5 RSE
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(where RSE is the set of ordered tuples from R of size at most K) by sending ¢y = Zf; LTi Gix

to coor(cy) o (ri,m2,...,71,). The map f from the appropriate element of U to RS¥ defined
by A — coor(c,) partitions a member of the ultrafilter into finitely many disjoint subsets via
f71(t) as t ranges over the elements of RSX. So for exactly one tuple ¢y will the set f~1(ty)
belong to U. Let that ¢ty be (ry,rs,...,r;) and write U for f~'(to); then one has that for all

AeU,
l

Cx = Z Ti Gix
i=1
for well-defined r; € R, g;» € G%. For a fixed ¢, the collection {g;» | A € U} (extended
by arbitrary g;, for A € A\ U, if necessary) can be thought of as an element g; in the
ultraproduct §”. Introduce the notation
l
7@ S wg e Cu(9).

i=1

Obviously ¢(7(¢)) = ¢. But since ¢ is injective, ¢ and 7 must be inverse bijections between
Cn(§) and the submodule of [], 4 Cn(Gy) consisting of bounded chains. In particular, 7

is independent of the choices made, R-linear, and d,(7(¢)) = 7(d,(¢)) for any bounded

Corollary 2.4. Call a class in [ ], 5 Ha(G, R) bounded if it can be represented by a bounded
cycle in J[5 o Cn(Gr). Bounded classes form a submodule of [] o Hn(G, R), which equals
the image of [1].

Corollary 2.5. [i] is surjective if and only if there exists K < oo such that for U-most X,
every homology class in H,(Gy, R) contains a cycle of size at most K.

Proposition 2.6. [/ is injective if and only if the following holds:

(%) For any bounded b € [Ta i Cn(Gy), if W by € Ba(Gy), then there exists a bounded
¢ e HA/u Crs1(Gy) such that U = by = dpy1(cy)-

Proof. Suppose (%) holds. Let b € Z,(9) be a cycle representative of a homology class in
H, (G, R) that is sent to zero by [¢]. That is to say, U = ¢(b) € B,(G)). ¢(b) is bounded,
hence by assumption there exists a bounded ¢ € [], U Crt1(Gy) such that d,,41(¢) = ¢(b).

A~

But then d,11(7(¢)) = 7(dn11(¢)) = 7(¢(b)) = b. Thence b is a boundary, so represents the
zero homology class.

Conversely, assume [¢] is injective, and let b be bounded and U-almost everywhere a

A A ~

boundary. Then d,(7(b)) = 7(d,(b)) = 7(0) = 0, so 7(b) represents a homology class in
H, (G, R). []([7(b)]) = 0since ¢(7(b)) = bis U-almost everywhere a boundary by assumption.

A~

By the injectivity of [¢], there must exist ¢ € Cp,41(G) such that d,i1(c) = 7(b). t(c) is
bounded and

~ ~

dn1(1(6)) = U(dni1(e)) = (7 (D)) = b
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so () is satisfied. O

In effect, this says that (s) holds if and only if [Z] — [7(Z)] is the inverse bijection to
[z] + [t(2)] between H,, (G, R) and the module of bounded homology classes.

3. FROM FRIEDLANDER’S CONJECTURE TO ISOPERIMETRIC FUNCTIONS

The key result that makes the previous section applicable to Friedlander’s conjecture is
due to Friedlander [5] [6], based on work of Quillen [12]:

Theorem 3.1. Let p # | be primes. H,(G(F,),Z/l) is isomorphic to H°P(BG(C),Z/1).

This latter group is finite (and known, as a function of G, n and [). Let us introduce

the notation |Hg,,,| for the common value of the cardinalities of the groups H,(G(F,), Z/l),
[ # p, and H!°P(BG(C),Z/1).

Lemma 3.2. card H,(G(C)°,Z/l) > |Hgny|- Friedlander’s conjecture holds for the Lie
group G(C) if and only if card H,(G(C)°,Z/l) = |Hg n,|-

Proof. Both statements follow from the theorem of Milnor [11] that H,(G° Z/I) LN
H!°P(BG,Z/1) is surjective for any Lie group G with finitely many components. O

The next observation (also well-known) contains Lemma 3.2; they are repeated just to
emphasize the parallel. Note that Milnor’s proof is purely topological and applies to real Lie
groups as well.

Lemma 3.3. Let k be an algebraically closed field of characteristic p # 1.  Then
card H,(G(k),Z/l) > |Hgny|- Friedlander’s conjecture holds for Gy if and only if
card H,(G(k),Z/l) = |Hg n.l-

Proof. By a theorem of Friedlander and Mislin, the map H%(BGy,Z/l) — H"(G(k),Z/I)
concerned in the generalized isomorphism conjecture is injective. Now HZ(BGy,Z/l) ~
Hy(BGg,, Z/1) ~ H"(G(F,),Z/l) ~ H,(G(F,),Z/l) by virtue of the invariance of étale
cohomology under algebraically closed field extensions and the truth of the generalized iso-
morphism conjecture over F,; and if H"(G(k),Z/l) or H,(G(k),Z/l) is finite, then they are
isomorphic. These facts imply both parts. 0

We are now ready to prove one direction of Theorem A:

Proposition 3.4. If Friedlander’s generalized isomorphism conjecture holds for H,(G(k), Z/1)
for all algebraically closed fields k of characteristic p, then G(F,) satisfies an isoperimetric
inequality in homological degree n with coefficients Z/1.

Proof. Consider any non-principal ultrafilter U on any countable set A, and write P for the
ultrapower [], u F,. P is an algebraically closed field of characteristic p, of the cardinality



ISOPERIMETRIC INEQUALITIES AND THE FRIEDLANDER-MILNOR CONJECTURE 11

of the continuum. As G is first-order definable in the language of rings, [], /uG(Fp) is
canonically isomorphic to G(P). Apply the comparison homomorphism (2.1):

(3.1) H,(G(P), Z/1) 5 [ Ha(G(F,). Z/1)

AJU

Since H,(G(F,),Z/1) is finite, the right-hand side is isomorphic to H,(G(F,),Z/l). [/] is
surjective, with a splitting induced by the inclusion Fp < P (which can also be thought of
as the diagonal F,, — [], 4 F,); see Cor. 2.5.

Proceed by contradiction. Fix some size K € N, and let By denote the set of boundaries

b€ B,(G(F,)) with ||b]| = K. Suppose
{l[blln | b€ Bk} €N

were unbounded. Then there would exist an infinite subset A C By such that for any infinite
UCA,

{Hbeill | be U}
is still unbounded. This A will serve as the index set for a comparison map of the type (3.1);
the non-principal ultrafilter U on A can be arbitrary.

One has a tautologous element § € [, o Ba(G)), associating to A € A itself, since A C

B,(G(F,)). By construction, § is U-bounded in size by K. The existence of a U-bounded
¢ € JIaCnr1(Gy) such that U = sy = dpt1(cx) would mean that there exist a constant
K; < o0 and U € U such that for all b € U, ||b||s < K. Since U is non-principal, U would
be an infinite subset of A, contradicting the choice of A. Therefore property (%) of Prop. 2.6
fails, and [¢] cannot be injective.

But that means that the cardinality of H,(G(P),Z/l) exceeds that of H,(G(F,),Z/l),
and so (cf. Lemma 3.3) the generalized isomorphism conjecture fails over P, the (unique)
algebraically closed field of characteristic p that has the cardinality of the continuum. [

The other direction of Theorem A follows easily from the comparison map (3.1), injectivity
condition (%), and a theorem of Friedlander-Mislin stating that if the generalized isomor-
phism conjecture holds for one algebraically closed field of infinite transcendence degree over
its prime field, then it holds for all algebraically closed fields within that characteristic. How-
ever, we prefer to give a completely elementary and self-contained proof of that direction in
Section 4.

Let us turn to the hard part of Theorem B. Let P be any infinite set of primes, and U
any non-principal ultrafilter on P. The ultraproduct of discrete groups []p o G(F,) is (non-

canonically) isomorphic to G(C°) = G(C)°, a complex algebraic Lie group made discrete.

Apply the comparison homomorphism (2.1) to the family G(F,), p € P:

(3.2) H([[6(F,).2/1) 5 ] Ha(G(F,). Z/1)

P/u P/u
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For all p # [, a fortiori for all but finitely many p € P, H,(G(F,),Z/l) is isomor-
phic to the finite group H!°P(BG(C),Z/1), so the right-hand side of (3.2) is isomorphic
to Hi°P(BG(C),Z/l). Though the argument is analogous to characteristic p, a point has to
be overcome in order to deduce the condition (asymp) from Friedlander’s conjecture.

Lemma 3.5. Suppose G has a maximal torus T (defined over the integers) such that for all
but finitely many primes p, the inclusion T(F ») — G( p) induces a surjection

H,(T(F,), Z/1) - H,(G(F,), Z/1).
Then the [t] of (3.2) is surjective, for any non-principal ultrafilter W on any infinite set of
primes P.

Proof. We wish to prove the following: there exists a bound fg(n,1) < oo such that for all but
finitely many primes p, each homology class a € H,(G(F,),Z/l) has a cycle representative
Zpa € Zn(G(F,)) with [|2,4l < fo(n,1). By Cor. 2.5, this implies (and is in fact equivalent
to) the conclusion.

Such a bound exists for the torus T = GL; X --- x GL; of rank r. Assume p # [.
Identifying the [*®-power roots of unity in [, with Z/I>, one gets an injection Z/I® — F;
such that (Z/1*°)" — T(F,) induces isomorphism on H,(—,Z/l). One can take fr(n,l) =
max{||z1 ], ||z2]],- ., ||zn]|} where the cycles z; span the (finite) group H,((Z/1*°)",Z/1).

Under the assumption that the homology of a maximal torus surjects on the homology of
G, one can take fg(n,l) = fr(n,l) for the torus T of the same rank as G. O

Discussion. For the sake of completeness, let us recall how ‘cheap’ this assumption is.
There are several well-known ways to investigate H,(T(F,),Z/l) — H,(G(F,),Z/l).

The functoriality of Friedlander’s isomorphism H,,(G(F,), Z/l) ~ HP(BG(C),Z/l) is sub-
tle, as it depends on an embedding of the Witt vectors of Fp in C. However, by making
choices simultaneously for G and its split maximal torus T, one obtains a commutative
diagram

H,(T(F,),Z/1) H,(G(F,),Z/1)

H!°P(BT(C), Z/l) —> H'°’(BG(C), Z/1)

On the topological side, one has a surjection H!°P(BT(C),Z/l) — H?P(BG(C),Z/l) when
(for example) [ is prime to the order of the Weyl group of G; one way to see this is to
approximate the classifying space of a Lie group by manifolds, and use Becker—Gottlieb
transfer. See Feshbach [4].

For Chevalley groups G, one can also argue purely group-theoretically. Suppose | # p,
[ 1 |W][, and let the p-power ¢ be such that F, contains ™" roots of unity. By a theorem of
Chevalley [3], there exists a split maximal torus T of G such that T(F,) contains a Sylow
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I-subgroup of G(F,). (This is because [G(F,) : T(F,)] will be prime to I.) Therefore T(F,) <
G(F,) induces a surjection

H,(T(F,), Z/1) = Ha(SyL T(Fy), Z/1) = Hn(SyLG(Fy), Z/1) - Hn(G(Fy), Z/1).

Let F, be cofinal in F, such that ¢ =1 (mod ). Since the tori T can be chosen compatibly,
there results a surjection H,(T(F,),Z/l) - H,(G(F,),Z/l).

If | is a torsion prime for G, one need not have a surjection H,(T(F,),Z/l) —»
H,(G(F,),Z/l). Nonetheless, a Sylow subgroup of G(F,) is always contained in the normal-

izer of a torus, which is an extension of a torus by the Weyl group. By making compatible
choices as F, increases to F,, one obtains a surjection H,(Nt(F,),Z/l) - H,(G(F,),Z/l)

with a short exact sequence 1 — T(F,) — Ny (F,) - W — 1.

The Lyndon-Hochschild-Serre spectral sequence for this extension has the form
H,(W, Hy(T(F,).Z/1)) = H.y,(N1(F,). Z/1).

Since all homology groups involved are finite, the spectral sequence converges (in any total
degree) in a finite number of steps. In principle at least, one can check that the homology of
W has cycle representatives (with twisted coefficients) whose size is bounded independently of
p; analyzing the differentials in the spectral sequence, presumably so does H,, (Nt (F,),Z/!1)
and, eventually, H,(G(F,),Z/l) — for all G, n, p and I. At this stage, it does not seem
worthwhile to spell out these details for exceptional [. (Recall that the implication from the
existence of an asymptotic isoperimetric function to the truth of Friedlander’s conjecture, to

be proved in section 4, holds unconditionally.)
We return to the proof of Theorem B now.

Proposition 3.6. Let G, n, | be such that the conclusion of Lemma 3.5 holds. Friedlander’s
conjecture for H,(G(C)°, Z/1) implies that the asymptotic isoperimetric function of Theorem
B exists.

Proof. Fix some K € N. Write By (p) for the set of boundaries b € B,(G(F,)) with ||b]| = K.
By contradiction, assume: for all K; € N, there exist infinitely many primes p such that
sup {[|bllen | b € Bi(p)} > K.

That would allow one to find an infinite set P = {pg, p1, ps, ...} of primes and for each
p € P some boundary b, € B (p) with the property that for any infinite subset U C P, the
set {||b,|lfn | p € U} is unbounded. (Let py and b, be arbitrary, and having found p,,, pick
Pn+1 ¢ {po,pl, Ce ,pn} and bpn+1 € BK(pn-H) such that ||bpn+1||fi|| > ||bpn||ﬁ||.) Let this P be
the infinite set of primes with which the comparison homomorphism (3.2) is constructed. If
Friedlander’s conjecture holds, then by Lemma 3.2, the two sides of (3.2) have the same finite
cardinality. So if [¢] is surjective, it must be injective too, and condition () of Prop. 2.6 must
be satisfied. On the other hand, for the U-bounded element {p — by} € [[p B,(G(F,))

there cannot exist a U-bounded ¢ € []p 3 Ct1(G(F,)) such that U = b, = dnt1(cp): since
U is non-principal, that would mean that for some infinite subset U C P, there does exist
K such that for all p € U, ||b,|lan < K1, contradicting the choice of P.
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Therefore, under Friedlander’s conjecture, one can find asymp(K) = K; < oo such that
for all but finitely many primes p, sup {||b|ls | b € Bx(p)} < K. O

4. FROM ISOPERIMETRIC FUNCTIONS TO FRIEDLANDER’S CONJECTURE

One can phrase the mathematics behind the other directions of Theorems A and B in two
ways, different only linguistically. One is the language of constructible subsets of varieties
over algebraically closed fields, Chevalley’s theorem on the image of constructible sets under
regular maps being constructible, base extensions between algebraically closed fields, and
specialization (this is the spirit of the next section) and the other is the language of sets
definable in the first-order theory of algebraically closed fields, Tarski’s theorem on quantifier
elimination, and the first-order Lefschetz principle. Considering the syntax of the statements
involved, the second approach seems much more convenient, and that is what we will use.

Conventions. The algebraic group G defined over the integers, homological degree n,
and finite ring of coefficients R = Z/I will be fixed once and for all. Variables will range
over the algebraically closed field k; that makes the group of k-rational points G(k) and the
group operations on G(k) first-order expressible in the language of rings. Observe that none
of “chain”, “cycle” and “boundary” in the bar complex are first-order expressible. However,
for any given choice of the bounds K, Ky, each of

“ chain ¢ € C,(G(k)) with ||c|| = K7
“cycle z € Z,(G(k)) with ||z|| = K 7
“ boundary b € B, (G(k)) with ||b]] = K and [|b]|an = K1 ”

is first-order expressible. (Code a chain ¢ € C,, of size K as K -l many n-tuples of elements of
G(k), exploit the first-order definition of the bar differential d,, and the fact that the equality
of two expressions that are unordered formal R-linear combinations is first-order.)

For any K, K, Ky € N, consider the sentence ®g k| x,

“For every b € C,,(G(k)) with [|b|| = K, if there exists u € Cy;1(G(k)) with ||u|| = K7 such
that d,,1(u) = b, then there exists ¢ € C,,11(G(k)) with |¢| < K3 such that d,,41(c) = 0. ”

By Tarski’s theorem, ®x i, g, either holds in all algebraically closed fields k of a given
characteristic, or none. But the countable conjunction Ay oy ®x x,x, means precisely

For any boundary with [|b]| = K, one has ||b||a1 < Ko.

Corollary 4.1. Fiz any K € N. As k ranges through algebraically closed fields within any
given characteristic,

sup {[|b]lsn | b € Bn(G(k)) such that [|b]| = K} € NU oo
stays the same.

So it makes sense to talk of “the isoperimetric function of G in characteristic p”, p a prime
or zero, provided this supremum is finite for all K € N.
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Proposition 4.2. If G satisfies an isoperimetric inequality in characteristic p (p a prime or
zero) and H,(G(k), R) is finite for one particular algebraically closed k of that characteristic,
then the groups H,(G(k), R) are isomorphic for all algebraically closed k of characteristic p.

Proof. Let ki be such that the cardinality of H,(G(k),R), as k varies over algebraically
closed fields in characteristic p, is minimal at k = k;. Write |H| for that least cardinality;
by assumption, |H| < co. For any K € N, set K; = max{isop(1),isop(2),...,isop(2K)} and
consider the sentence

(Pk) “Given 2z € Z,(G(k)) with [|z]| < K, i=1,2,...,|H|+ 1, there exist 1 <i# j <
|H|+ 1 and ¢ € C,11(G(k)) with |c| < K; such that z; — z; = dp41(c). 7

Since this is first-order and holds over k = ky, it holds for all algebraically closed k of
characteristic p. But the countable conjunction A, .y ¥k just means

bM

“ Given |H| + 1 cycles in Z,(G(k)), some two of them are homologous.
So the cardinality of H,(G(k), R) is |H| for all k.

Let now £k — K be an extension of algebraically closed fields. The induced map
H,(G(k),R) — H,(G(K),R) is injective (for example) by model completeness of alge-
braically closed fields: if a cycle defined over k£ becomes a boundary over K, then a chain
responsible for its being a boundary must be definable already over k. So within character-
istic p, all such maps must be isomorphisms, and H,(G(k), R) = H,(G(ko), R) where kq is
the algebraic closure of the prime field. O

Corollary 4.3. If G satisfies an isoperimetric inequality in characteristic p > 0, then Fried-
lander’s conjecture holds in that characteristic.

This statement (which is the other half of Theorem A) follows by the finiteness of
H,(G(F,),Z/l) and Lemma 3.3. The other half of Theorem B uses the first-order Lefschetz
principle:

Proposition 4.4. If the function (asymp) of Theorem B exists for G, then Friedlander’s
congecture holds.

Proof. Fix [; for any K € N, set K; = max{asymp(1),asymp(2),...,asymp(2K)} and |H|
to be the common cardinality of the groups H, (G(F,),Z/l), p # I. Consider the sentence
U displayed above. By assumption, it holds over k = Fp for infinitely many primes p.
By the Lefschetz principle, it holds over all algebraically closed fields of characteristic zero.
That means that, in the notation of Lemma 3.2, the cardinality of H,(G(C)° Z/l) is at most

|Hg,n|- Apply Lemma 3.2. O

A similar argument shows that the function asymp must be at the same time an isoperi-
metric bound for the group G(C)°. The converse implication does not pass through the
first-order Lefschetz principle, and, unlike in the case of Fp, no information is available re-
garding H,(G(Q),Z/l) that would make Prop. 4.2 applicable — excepting those cases when
the full conjecture has already been proven!
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5. STRATIFYING THE SPACE OF CYCLES

The following observation has long been known in saturated model theory, but for con-
venience we include a proof. By constructible subset of a variety )V we mean one belonging
to the boolean algebra generated by Zariski-closed subsets of V. We only consider varieties
defined over some algebraically closed field k, and we identify them with their k-points.

Lemma 5.1. Let V be a variety over an uncountable, algebraically closed field k. Suppose
one has a collection Z;, © € I, of constructible subsets of V such that card I < card k and

z =z
i€l
is constructible as well. Then there exists a finite set iy,1s,...,in € I such that
4=7,UZ,U---ULZ,.

One proof of Lemma 5.1 is akin to the ‘cylindrical’ proof of the compactness of the product
of two compact topological spaces. Without loss of generality, we may assume )V to be affine
space k™. Also without loss of generality, we may assume Z = k™. (Just add the complement
of Z to the original collection.)

The proof is now by induction on n. For n = 1, the conclusion follows since a constructible
subset of k is finite or co-finite, and by the assumption card I < card k, one of the Z; has

to be co-finite. Assuming the claim holds below dimension n, write n = r + s for some
O<r,s<nand k" =Ax Bwith A=k", B=Kk".

For any a € A, {a} x B is covered by its constructible subsets Z; N ({a} x B). By the
induction hypothesis for k®, there exists a finite index set I, C I such that

{a} x B= ] Zin({a} x B).
i€l,
Each set defined as
Co:={x €Al forall y € B, (x,y) € U Zi}
icl,
forms a constructible subset of A, and their union is A. As a ranges over A, the range of I,
{JCI|J=1I, for some a € A}

(thought of as a subset of the power set of ) has cardinality less than that of k, since in fact
the cardinality of all finite subsets of I equals card I < card k. By the induction hypothesis
for k7, one can find finitely many as, as,...,ay € A such that C,, UC,, U---UC,, = A.
But that implies
F'=AxB= ] Z.
j€la;
i=1,2,....N

Proposition 5.2. Let k be an uncountable, algebraically closed field. If card H,(G(k),Z/l) <
card k, then G(k) satisfies an isoperimetric inequality.
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Proof. Having set up enough bookkeeping details, this becomes an immediate consequence
of Lemma 5.1.

Bookkeeping. From here on, n-chains will be thought of as ordered formal linear com-
binations of n-tuples of group elements. Pick a representative z, of each homology class
a € Hy(G(k),Z/1). Let 0 € H,(G(k),Z/l) be represented by the empty string. Fix some
size K and tuple of coefficients r; € Z/l, i = 1,2,...,K. Define Z,,,, ,. as the lo-
cus in G(k)nK of <<911>912, o Gin)s -5 (9K 9K - - 79Kn>> such that Zfil Ti(Git, - - - » Yin)
is a cycle in the bar complex. Define Z(«, K;) as the locus in Z,, ,, .. of those cycles
z = Zfil ri{gi1, - - -, gin) that satisfy z — z, = d,4+1(c) for some chain ¢ € C,11(G(k)) with
el < K.

Zy i 18 an algebraic (i.e. Zariski-closed) subset of G(k)"! and each Z(«a, K;) is a
constructible subset of Z,. ,, ... Indeed, to say that z = Zfil ri(gi1, - - -, gin) is a cycle is
to say that at least one of a finite number of possible cancellation patterns occurs among
the (n + 1)K many n-tuples that make up d,;1(z). Each such cancellation pattern is a
system of equalities — stated purely in terms of the group multiplication on G(k) — among
the group elements g¢;;. Each Z(a, K;) is a constructible subset of Z,. ,, ... Indeed,
fix a Kj-tuple of coefficients for the n 4 1-chain ¢, and denote by [d,11(c) = z — z,] the
locus in G(k)TDEHME of those pairs {c,2), ¢ € Cp1(G(k)), 2 € Zpypy...rpe that satisfy
dpy1(c) = 2 — za. [dng1(c) = 2z — z,] is Zariski-closed, and Z(«, K;) is a finite union (as
the K;j-tuple of coefficients varies) of images of [dn+1(c) =z — za] under the projection
G(k,)(n+1)K1+nK _pr. G(/{:)"K.

Obviously Z(«, K1) C Z(«, Ks) for K7 < Ky, and Z(«, K1) N Z(3, K3) = 0 for o # .
Since

U Z(O{, Kl) = Zrl,rg,...,rK
a€Hp (G(k),Z/1)

Ki1eN
the lemma implies that one has a finite disjoint decomposition
(51) Zri o = |_| Z(aj7 Kj)‘

jeJ
One (at most) of these homology classes o, say ap, is the zero one. That means that every
boundary of the form Zfil ri{gi1, - - -, gin) DOssesses a filler of length at most K. Letting

the tuple 71,79, ..., 7k range over its (finitely many!) possibilities, one obtains a finite value
for isop(K). O

Together with Cor. 4.1, the next proposition completes the proof of Theorem C of the
introduction.

Proposition 5.3. If card H,(G(ko),Z/l) < card ko for one uncountable, algebraically closed
field ko, then, within the characteristic of ko, the groups H,(G(k),Z/l) are countable for all
algebraically closed k, and every extension ki — ko between algebraically closed fields induces
an isomorphism H,(G(k),Z/1) — H,(G(k2),Z/1).
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Proof. For brevity, let us introduce the notation dist(z1, z2) for ||z1 — 22| whenever z;, 2o
are homologous cycles. Note that dist(z1, z3) < dist(zy, z2) + dist(z2, z3). Over the field ko,
one has a finite disjoint decomposition (5.1) of the space of cycles Z,, ,, . ,. (corresponding
to the tuple of coefficients r; € Z/l) into homology classes. Without loss of generality, we
may assume that the cycle representatives z,, corresponding to the classes a; occurring in
the decomposition themselves have size K. Letting the tuple r; vary, one sees that for each
K, one can find N and K; so that the sentence ®x y k,

“ There exist cycles 21, 29, ..., 2y, all of size K, such that for any cycle z with ||z]| = K,
either dist(z, z1) < K or dist(z, 22) < Ky or ... or dist(z, zy) < Ky 7

holds over ky. But this is first-order, so by Tarski’s theorem it holds in all algebraically
closed fields of the same characteristic as k.

Note that the ‘obvious’ thing to say (that the cycles z; are pairwise non-homologous) is
not first-order. Nonetheless, for every K there exists a least N = f(K) such that (for some
Ky < 00) ®k vk, holds. From the triangle inequality, one sees that over each algebraically
closed field, f(K) is the number of distinct homology classes that can be represented by
cycles of size K; so this number does not change with the underlying field. A fortiori,
H,(G(k),Z]1) is countable for every algebraically closed k of the same characteristic as k.

Let now ki —— ky be a field extension as above, and consider the induced
H,(G(k1),Z/1) -2 H,(G(ky),Z/1). Tt is always injective, and if the sentences ®x v x,
hold, it is surjective too. Indeed, suppose a € H,(G(k2),Z/l) was not in the image of i,. It
would have to be represented by some z € Z,(G(k2)), say, of size K. Since the inclusion i
does not change chain size, this contradicts the injectivity of 7, and the fact that the same
number of homology classes can be represented by cycles of size K over k; as over ky. [

6. THE BIG PICTURE

Friedlander’s conjecture concerns the effect of discretization C° — C, and this paper
revolves around the — set-theoretically! — equivalent discretization [[p nFp — C. It is
natural to ask if (or in what sense) the two are compatible. That amounts to pondering the
diagram

HP(BG(C)’,Z/1) Z’ HP(BG(C), Z/1)

H,(G(C), 1) ~2~ Ho([] G(EF,), 2/1) - T] Ha(G(F,). Z/1)

P/U P/U

(6.1)

Here P is any infinite set of primes and U is any non-principal ultrafilter on P. 4 is
induced by the continuous homomorphism G(C)° — G(C). The left-hand vertical arrow is
the canonical isomorphism between discrete group homology and homology of classifying
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spaces. The isomorphism s is induced by a choice of identification of C° with [ u [, while
¢] is the canonical comparison map. Choose any isomorphism j,, independently for each
p # 1, H.(G(F,),Z/l) ~ H!P(BG(C),Z/l); j is the ultraproduct of these isomorphisms,
followed by the canonical identification of [[p o HyP(BG(C), Z/1) with HyP(BG(C),Z/1).

Friedlander proves that ¢ is surjective and conjectures that it is an isomorphism; Lemma 3.5
proves that [¢] is surjective, and Theorem B states that [¢] is an isomorphism if and only if
1 is. It is highly non-trivial, however, that the choices can be made compatibly so that this
diagram becomes commutative — even up to isomorphism only.

Analyzing Lemma 3.5, one can show that for all G, n, and (all but perhaps finitely many)
[ there exist formulas z1(—), 22(—), ..., 2zju|(—) in the language of rings such that for any
algebraically closed field k, the 2 (k), z2(k), . . ., 2jm| (k) are n-cycles in the bar complex of G(k)

with Z /I coefficients; moreover, for almost all primes p, the cycles 21 (IFp), 22(Fp), . . ., 21 (Fp)
form exact representatives of H, (G(F,),Z/l). As a corollary, one has, for almost all [ and p,
canonical homomorphisms

(6.2) H,(G(F,),Z/1) -2 H,(G(C)’,Z/l) —— H'*’(BG(C), Z/1).

Either of h, being an isomorphism or ¢ being an isomorphism is equivalent to Friedlander’s
conjecture; that the composite j, = i o h, is an isomorphism is Friedlander’s theorem. (Note
that it is rather unobvious whether either Quillen’s or Friedlander’s proof of H,,(G(F,), Z/l) ~
H!°P(BG(C), Z/1) gives a preferred isomorphism between the two sides. The devil is in the
passage between positive and zero characteristics, which in Quillen’s proof hinges on a Brauer
lift, and in Friedlander’s an embedding of the Witt vectors of Fp in the complexes.)

Friedlander’s conjecture implies that the inclusion Q — C induces an isomorphism
H,(G(Q),Z/l) — H,(G(C)°,Z/l), so the homology of G(C)° must have cycle represen-

tatives that are algebraic over Q. In fact, they must be 21(Q), 22(Q), ..., 24 (Q). The end
result is that, under Friedlander’s conjecture, (6.1) becomes strictly commutative for any
choice of P, U, and s if the isomorphisms j, are chosen as in (6.2). Perhaps this is the most
beautiful embodiment of the compatibility of logic with geometry.
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